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Abstract

In this paper,Fuzzy Modular Pair in Fuzzy Lattice-Definition of Fuzzy
Modular Pair-Characterization Theorem-Fuzzy Modular Pair in Fuzzy
Modular Lattice-Definition-Characterization Theorem.
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Introduction

The concept of fuzzy lattice was already introduced by Ajmal,N[1],
S.Nanda[4], Wilcox,L.R[5] explained modularity in the theory of lattices,
G.Gratzer[2] and M.Mullai&B.Chellappa[3] explained Fuzzy L-ideal.A few
definitions and results are listed that the equivalent conditions of the fuzzy
lattice using in this paper,we explain Fuzzy Modular Pair in Fuzzy
Lattice,Definition of Fuzzy Modular Pair,characterization theoremof Fuzzy
Modular Pair,Fuzzy Modular Pair in Fuzzy Modular Lattice and some
Examples are given.If L is a fuzzy lattice then (u(a),u(b)) is a fuzzy modular
pair.

FUZZY MODULAR PAIR IN FUZZY LATTICE
Definition: 1.1

Let L be a Fuzzy lattice andu(a),u(b) in L. Thus (u(a),u(b)) is called a Fuzzy

modular pair if p(c)Vu(aAb) =u (cvVa)Au(b), for all p(c) < u(b) in L.
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(ie)u(c)Vp(@)Ap(cvb)|=u(cva) Au(cVvb), for all p(c) in L.

Example: 1.1
Consider the Fuzzy lattice Nsin the following figure 1.1.

u(l)
H(a)
(b)
p(c)
1(0)
Figure:1.1

Here (u(a), w(b)) is a Fuzzy modular pair.

(u(b),u(a)) is not a Fuzzy modular pair.

Sincep(c) =p(a), u(e)Vu (b A a)=min { u(c),u (b A a) ;
= min { p(c),u (0) }

=p(c)
p(c Vv b) Au(a)zmin { p(c V b),u (a) §
=min { p(1),u (a) }
=1 (a)
So u(e)vu (b Aa) #p(cVb)Au) foruc) <p(a).
Theorem: 1.1
If u(a),u(d) in a Fuzzy lattice L and u(a) < u(b) then (u(a),u(b)) is a

Fuzzy modular pair.
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Proof:

Given u(a), u(b) € L and u(a) < u(b)

=@V b)=p(b), panb)=p(a) — (1)
To prove (u(a),u(b)) is a Fuzzy modular pair.

That is to prove
n(e)vVu(anb) = p(cva)Ap(b), for allu(c) <p(b), u(c)e L.
Let u(c)€ L be arbitrary andp(c) <u(b)

Thenu(c)Vu(aAb) >min { u(c),u(anb) }
>min { p(c),u() }, by (1)
= p(c)Vu(a)
We havep(c) < p(b),u(a) <p(b)
=u(cV a)>min { p(c),u(a) }
>min { p(b),u(b) }
= u(b)

=u(cV a) < p(b)
=>u(cV a)Au(b) =p(cV a)

Therefore u(c)Vu(aAb) =p(cVva)Au(b), for allu(c) <u(b).

Hence (n(a),u(b)) is a Fuzzy modular pair.
Theorem: 1.2

Ifu(a), u(b) in a Fuzzy lattice L andu(a) < u(b) then (u(b),u(a)) is a
Fuzzy modular pair.

Proof:
Given u(a),u(b) € L andu(a) <u(b)

=ubV a)=u(b), pdnra)=p(@) — (1)
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To prove (u(b),u(a)) is a Fuzzy modular pair.

That is to prove
ne)vu(bAa) =p(cvb)Au(a), for all u(c) <u(a),p(c)€ L.
Let (c)€ L be arbitrary and p(c) <u(a)
Thenp(c)V p(bAa) >min { p(c),u(bAa) }
>min { p(c),u(a) } , by (1)
=u(cva)

= u(a)
We have p(c) < p(a),u(a) < p(b)

=u(c) < u(b)

=u(cV b)=u(b)

=u(cV b)Ap(a) =p(b)Ap(a) =p(a)
Therefore p(c)Vu(bAa) = u(cvb)Au(a), for allp(c) < u(b).
Hence (u( b), u(a)) is a Fuzzy modular pair.

Theorem: 1.3
Letu(a) be an element of a Fuzzy lattice L. Then (u(a),u(x)) is a Fuzzy

modular pair for all u(x) € L if and only if u(y) Vu(aAx) =u(y Va) Au(x), for

any pair(u(x),u(y)) withu(x) 2u(y).

Proof:
(i) Assume (u(a),u(x)) is a Fuzzy modular pair for all u(x) € L.
To prove u(y) Vu(anx) =u(yVa)Au(x), for any pair(u(x),u(y)
withu(x) >u(y).
Letu(y)€ L be arbitrary such that p(y) <p(x).

Then p(y)Vp(anx) = min { p(y),u(@Ax) }
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> min {p(yVa),n(x)}
=u(y Va)Au(x), for all p(y) ,u(y) <p(x).

2uy) Vu(arx) = uly Va) A\u(x), for any pair(u(x),u(y)) withu(x)

Zu(y)-
.(i1) Assumep(y)Vp(aAx) > min { u(y),m(aAx)}
> min {u(yVvVa),nx)}
= wyVa)Aux),for any pair (p(x),n(y)) with
r(x) Zp(y)-

To prove (n(a),u(x)) is a Fuzzy modular pair.

Letu(y)€ L be arbitrary such that p(y) <p(x).

Then by assumption

1(y)Vu@aAx) = min { p(y),n(@anx)}
> min {p(yVa),u(x)}

= wyVa)Au(x),for any pair (u(x),u(y)) with
H(x) Zp(y).
= u(y)Vu@Ax) =u(y Va) Aux), for all u(y) <p(x).
= (u(a),1(x)) is a Fuzzy modular pair.
Theorem: 1.4

Let L is a Fuzzy lattice and then the following are equivalent.
1) w(y)Vu@Ax) =p(y vVa) Au(x) withp(x) Zp(y).
(i) p(y)Ap(@avx) =p(yAa)Vp(x) withu(x) <p(y).

Proof:

(i) = (ii)
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Assume that p(y)Vp(aAx) =p(y vVa) Apu(x) withu(x) = p(y).
To prove w(y)Ap(aVvx) =p(yAa)Vp(x) with p(x) <p(y).
Suppose p(x) < u(y)
= 1Y) Zu(x)
Then p(x)Vu(yAa) >min {u(x),u(yAa)}
> min {p(x),n(any)}
> min {p(xVa),u(y)}
=p(xVa)Ap(y), by (i) since u(y) = pu(x).
(i) = ()
Assume thatu(y)Ap(avx) = p(yAa) Vu(x) with p(x) < p(y).

To prove u(y)Vu(anx) = p(yvVa)Au(x) with p(x) = p(y).
Suppose u(x) = u(y)
=>u(y) < pux)

Then p(x)Ap(yVva) = min {u(x),u(yVva)}

>min {u(x),u(avy);

> min {p(xAa),u(y)}

= p(xAa)Vu(y), by (i) since p(y) < u(x).

FUZZY MODULAR PAIRS IN FUZZY MODULAR

LATTICE
Definition: 1.2

A Fuzzy lattice L is said to be Fuzzy modular lattice, if
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n@avb) Ap(ave) =p(a)vp)Ap(ave)], for all p(a),u(b),u(c)
in L.
Example: 1.2
Consider the Fuzzy set My ={u(o),u(a),u(b),u(c),u(d),un()
/u(o)<u(a),pu(b),u(c),u(d) <u(l)} of figure 1.2. Then Myis a Fuzzy modular

lattice.
Verification:
n(l)
n(a) u(d)
1(0)
Figure:1.2
Form the tables:

v || n@ | )| pe) | pud) | ud)

(o) | u(o) | u(a) | u(b) | pe) | p(d) | u(d)
n@ @) | p@ [ pd | pd) fed | pd
() | pb) | ud ) | @ | pd) | pd)
pee) [ u(e) | ud) [ nd | ple) [ nd | pd)
p(d) | p(d) | u@ [pd | p@ | pd | pd)
p@ [ p@ | pd) fpd | pd) fed | pd




66

Dr.V.VINOBA and K.NITHYA

A | 1(0) | n@) | ub) | (e

u(d)

()

n(o) | u(o) | u(o) | o) | (o)

(o)

(o)

n(@) | p(o) | u(@) | p(o) | u(o)

p(o)

p(o)

u(b) | u(o) | u(o) | u(b) | ulo)

n(o)

(o)

p(c) | n(o) | u(o) | p(o) | u(c)

p(o)

p(o)

u(d) | p(o) | u(o) | o) | (o)

w(d)

(o)

u@ | po) | ) | n(0) | n(o)

1(0)

u()

From the tables we have

1.

11.

1il.

1v.

RxVx) 2 min{p(x), w(x)}, WxAX) =min{u(x), p(x);,

=u(x) =p(x)

p(xVy) =min{u(x), p(y)}, pfxAy) = min{p(x), p(y)},

> min{u(y), K(x)},

=u(yVx) =u(yAx)

px)V(yVvz) = min{p(x),u(yvz) },
w(yAz)},

> min{p(xVy), W(z)},
wz)j,

=u(xVy)Vu(z)
ROVR(EAY) = min{u(X),k(xAY)},
min {u(x),u(xVy)},

=u(x)

RXVY)ARKXVZ) = min{pu(xVy),uxVz)},

= min{p(y), pux)},

ROAR(YVZ) 2min{ p(x),

> min{p(xVy),

= MXAY)AW(Z)

HE)AR(XVY)

=w(x)

v
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> min{min {p(x), u(y)},mxVvz)}
>min{min {p(x), min{p(y),u(xVz)}}
> min{p(x), p(y)Ap(xVvz)}

= ux)Vn@AMxV2)], for all u(x),u(y), w(z) in My
Hence M, is a Fuzzy modular lattice.
Theorem: 1.5
A Fuzzy lattice L is Fuzzy modular, if and only if p(a) > w(b) and

w@ve)=uwbVe), w(anc) =p(bAc) for any p(c) imply thatp(a) = p(b).
Proof:
Part -1

Assume that L be a Fuzzy modular lattice.

To prove that:  if u(a) > p(b) and
mave)=pubve) — (1)
p@anc)=pAac) — (2)

for any p(c) thenu(a) =u(b).
(@) = @A (ave)),
> min{u(a), u(ave)}
> min{u(a), wu(bve)}, by (1)

>min{u(bVc), u(a)},by commutative law

> min{min{p(b), u(c)}.un(a)}

> min{u(b), min{u(c),u(a)}, by commutative law
> min{u(b), p(cAa);

= min{p(b), p(bAC)} by (2)
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= u(b)Vu(bAc)

= n(b)
Hence p(a) = u(b).
Part: 11

Assume that L is Fuzzy modular lattice and if p(a) > w(b) and p(ave)

=u(bVve), w@aAc)=u(bAc) for anyu(c) thenp(a) = u(b).
To prove that L is Fuzzy modular.
We claim thatp(avb)Ap( ave) =w@)V[ub)Awn(avce)], for all

(@),pu(b),u(c) in L

By assumption it is sufficient to prove
pavb)Ap(ave) = p(a)vVpb)Apave)]
n(avb) =p(a)
nave) zp(a)
=u(avb)Ap(ave) > min{p(aVvb), u(ave)}
> min{p(a), p(a)}
> wa)

=u(@vb) Ap(ave) = p(a) — (1)

H(avb) >u(b)

=u(avb) Apu(ave) > min{u(avb), u(ave)} — (2)
>min{u(b), p(aVve)}
> uw(b)A pave)> (2)

(1) V (2) gives

[w@vb)Apave)] V[ w@vbA p o (ave] = p@)V]
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pb)Ap(ave)]
=u(aVvb)A p(ave) > min{u(avb), p(ave)}
> min{min{p(a),u(b)}, u(ave)}
> min{p(a), min{p(b), u(ave)}}
> min{p(a),p(b)Ap(ave)j
> @)V pb)Ap(ave)]
[n(@aVvb)Ap(ave)]Aub) = [p(@)V[nd)Apave)]]Apu(b)

[u(@aVvb)Ap (ave)]Vu(b) = [u(a)Vub) Ap(ave)]]Vu(b)

Let p(a), w(b), u(c) in L be arbitrary. Then
[n(aVvb) Ap(ave)|Ap(b) > min{u(aVvb)Au(ave),u(b)}

> min{p(ave)Ap(avb),u(b)j,

commutative law

> min{p(aVve),u@avb)Ap(b)},

associative law

> min{p(aVve),u(b)Ap(avb)},

commutative law

>  min{p(ave),u(b)Au(bva)},

commutative law
> min{pu(aVc),u(b)} by absorption law
= u(@ave)Apb) — (1)
u@ve)Ap(b) = [u(ave)Ap(b)]Ap(b)

< [w@)V(ub)Au(ave))] Au(b)

69

by

by

by

by
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<[n@Vvu@ve)] Ap(b)
=u(ave)Ap(b)

Sow@ve)Aub) = [u(a)V(nd)Au@ve)] Aub) — (2)
[u(@)Vu®d)Ap@vell Vub) = p(avb) — (3)
n@vb) =p(avb) vu(b)

> [p(aVvb) Ap(ave)]Vu(b)
= [nb)Vne)Ap@vb)llvu(b)
=u(aVvb)

" [w@vb)Ap(ave)] Vu(b) =p(avb) — (4)

Thus p(avb)Au(ave) =u(a)Vv [u(b)Au(ave)], for all pu(a),u(b),u(c) in

Hence L is a Fuzzy modular lattice.

A necessary and sufficient condition for the Fuzzy lattice L is Fuzzy
modular.
Theorem: 1.6

If L is a Fuzzy modular lattice, then (u(a), n(b)) is a Fuzzy modular pair

forall p(a),u(b) € L.
Proof:

Given L is a Fuzzy modular lattice.

To prove (u(a),u(b)) is a Fuzzy modular pair for all u(a),ub) €L .

L is a Fuzzy modular lattice

> uxVyY) Ap(xVz) = px)VIuy)Apxvz)] for allp(x),u(y),w(z)

el

Take p(c) =u(x), p(a) =p(y),n(b) =p(xvz) we get
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p(eva)Au(b) = min{u(cva), u(b)}
> min{min{p(c),u(a); , u(b);
> min{p(c),min{u(a) , pu(b)}}
> min{p(c),n(aAb)}
= u(c)Vu(aAb),for every u(c) < u(b).

= (u(a),u(b)) is a Fuzzy modular pair.

References:

[1]  Ajmal.N., Fuzzy Lattices, Inform. Sci., 79(1994) 271-291

[2] Gratzer,G., General Lattice Theory, Academic Press Inc. 1978

[3] M.Mullai and B.Chellappa, Fuzzy L-Ideal ActaCiencialndica,
Vol.xxxVM, No.2, 525(2009)

[4] S.Nanda, Fuzzy Lattice, Bull. Cal.Math. Soc.81(1989)

[5] Wilcox, L.R, “Modularity in the theory of Lattices” Bull. Amer. Math.
Soc. 44,50, 1938

[6] Wilcox, L.R. “Modularity in the theory of lattices”, Ann of Math 40,

490-505, 1939.



72

Dr.V.VINOBA and K.NITHYA



