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Abstract

In this paper, an idea of quasicontraction type mapping in fuzzy cone metric space
is introduced and some common fixed point theorems of such type of mapping are
established.
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1. Introduction

The concept of fuzzy set is introduced by L.A.Zadeh [14] in 1965. After that, to use
this concept in topology and analysis different authors have expansively developed the
theory of fuzzy sets and its application in different direction.

On the other hand, there have been a number of generalizations of metric spaces (for
reference please see [2,4,11,12]) and one such generalization is cone metric space which
is introduced by H.Long-Guang et al. [8] which is a generalization of general metric
space. In cone metric space, authors replaced the real numbers by ordering real Banach
space.

By using their concept, different authors [6,10] established many results of cone
metric spaces and fixed point theorems in such spaces.

In an earlier paper [3], the present author introduced an idea of fuzzy cone metric
space and established some basic results and fixed point theorems in such spaces.

In this paper, fuzzy real number is considered in the sense of Xiao & Zhu and fuzzy
norm in the sense of Felbin [5]. The idea of quasicontraction mapping is introduced in
fuzzy cone metric space and established a common fixed point theorem in such space.

!The present work is partially supported by Special Assistance Programme (SAP) of UGC, New Delhi,
India [Grant No. F. 510/4/DRS/2009 (SAP-1)]
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The organization of the paper is as follows: Section 1, comprises some preliminary
results which are used in this paper. A common fixed point theorem is established in
Section 2.

2. Some preliminary results

Definition 2.1. [13] A mapping n : R — [0, 1] is called a fuzzy real number whose
a-level set is denoted by

(Ml ={z: n(®) = a}, «€(O,1],
if it satisfies two axioms:
(N1) There exists ty € R such that n(#p) = 1.
(N2) Foreacha € (0, 11; [nla = [, 751,

where —o00 < né < nﬁ < +00. The set of all fuzzy real numbers is denoted by F. Since
to each r € R, one can consider r € F defined by () = 1 ift = r and r(¢) = 0 if
t #r, R can be embedded in F.

Definition 2.2. [13] Let n € F. Then n is called a positive fuzzy real number if
n(t) = 0Vt < 0. The set of all positive fuzzy real numbers is denoted by F .

Note 2.3. Mizumoto and Tanaka [9], Kaleva & Seikkala [7] denote the set of all fuzzy
real numbers by E. Kaleva & Seikkala [7] and Felbin [5] denote the set of all non-negative
fuzzy real numbers by G and R* (1) respectively.

A partial ordering “<” in E is defined by n < § if and only if aé < ai and bé < bﬁ
foralla € (0, 1] where [l = [a., bl1and [8], = [a2, b2]. The strict inequality
in E is defined by n < § if and only if aé < ai and bé < bi foreacha € (0, 1].

Propositon 2.4. [9] Letn, § € E(R(I)) and [nn], = [a1 , bl],

o [07
[6le = [a2, b2], @ € (0, 1].
Then
[ €D 8la = lay+al. bl +Dbl]
where
(x ® y)t) = Supgermin {x(s), y(t —s)}, t € R.

Definition 2.5. [7] A sequence {7n,} in E is said to be convergent and converges to n

denoted by lim 5, = nif lim a, = a, and lim b, = b, where [n,]le = [a,b)]
n—oo n—oo n—oo

and [n]y = [ag, be] Ya € (0, 1].

Note 2.6. [7] If 5, 8 € G(R*(I)) then n ® § € G(R*(I)).
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Note 2.7. [7] For any scalar t, the fuzzy real number 77 is defined as n(s) = O if t=0
otherwise rn(s) = n (;) .
Definition 2.8. [5] (Felbin). Let X be a vector space overR. Let || || : X — R*(/) and
let the mappings

LU :[0,1]x[0, 1] — [0, 1]

be symmetric, nondecreasing in both arguments and satisfy L(0, 0) = Oand U(1, 1) = 1.
Write

Ixlle = OlxlL, 11xl2]

for
xeX,0 <ua <1

and suppose for all x € X, x # 0, there exists «g € (0, 1] independent of x such that
foralla < «,

A) [Ix]l; < oo
(B) inf||x||} > .

The quadruple (X, || ||, L, U) s called a fuzzy normed linear space and || || is a fuzzy
norm if

@) [|x|| = Oifand onlyif x = 0;
(i) |lrxll = Irlllxll, x € X, r € R;
(i) forall x,y € X,

(a) whenever s < |[x||}, ¢ < |lyllj and s +¢ < [|x + yll{, [Ix + ylI(s +
1) > L(lIx]l(s) , [Iy11(0),

(b) whenever s > |lx||{, £ > [lyllj and s +¢ > [Ix + y[I{, |Ix + ylI(s +
1) < U(IxIIGs), yll@)

Remark 2.9. [5] Felbin proved that, if L = /\(Min) and U = \/(Max) then the
triangle inequality (iii) in the Definition 1.1 is equivalent to ||x + y|| =< ||x]| @ [1y]].

Further || ||fx; i = 1,2 are crisp norms on X foreach @ € (0, 1].

Definition 2.10. [3] Let (E, || ||) be a fuzzy real Banach space where || || : E — R*(I).
Denote the range of || || by E*(I). Thus E*(I) C R*(I).

Definition 2.11. [3] A member n € R*([I) is said to be an interior point if 3r > 0 such
that
S(n,ry={8 € R*(I) :n68§ <71} C E*().

Set of all interior points of R*([) is called interior of R*(I).
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Definition 2.12. [3] A subset of F of E*(I)is said to be fuzzy closed if for any sequence
{n,} such that lim 75, = n implies n € F.
n—o0

Definition 2.13. [3] A subset P of E*(I) is called a fuzzy cone if
(i) P is fuzzy closed, nonempty and P # {0};

(i) a,be R, a,b>0,n,6§ € P = an® bs € P;

Note 2.14. If € Pthen ©n € P = n = 0. For, suppose [], = [né, nz], a € (0,1].
Sincen € P C E*(I),wehavené, ng > 0Va € (0,1].Now [&1]y = [—ng, —nclx], o €
(0,1]. If n # 0, then ny, 12 > OV € (0,1].i.e. =17 < —n} < 0 VYa € (0,1]. This
implies that ©1 does not belong to P. Hence n = 0.

Given a fuzzy cone P C E*(I), define a partial ordering < with respecttoPby n < §
iff 6 ©n € P and n < § indicates that n < § but n # § while n << § will stand for
6 © n €lntP where IntP denotes the interior of P.

The fuzzy cone P is called normal if there is a number K > 0 such that for all
n,8 € E*(I), with 0 < n < § implies n < K4§. The least positive number satisfying
above is called the normal constant of P. The fuzzy cone P is called regular if every
increasing sequence which is bounded from above is convergent. That is if {n,} is a
sequence such that ny < ny <--- <n, < --- < n for some n € E*(I), then there is
8 € E*(I) such that n,, — § asn — oo.

Equivalently, the fuzzy cone P is regular if every decreasing sequence which is
bounded below is convergent. Itis clear that a regular fuzzy cone is a normal fuzzy cone.

In the following we always assume that E is a fuzzy real Banach space, P is a fuzzy
cone in E with IntP # ¢ and < is a partial ordering with respect to P.

Definition 2.15. [3] Let X be anonempty set. Suppose the mappingd : X x X — E*(I)
satisfies

(Fdl) 0 < d(x,y)Vx,y € X and d(x,y) = 0iff x = y;
(Fd2) d(x,y) =d(y,x) Vx,y € X;
(Fd3) d(x,y) <d(x,2)®d(z,y) Vx,y,z € X.

Then d is called a fuzzy cone metric and (X, d) is called a fuzzy cone metric space.

Definition 2.16. [3] Let (X,d) be a fuzzy cone metric space. Let{x,} be a sequence in
X and x € X. If for every ¢ € E with 0 << |[|c|| there is a positive integer N such that
foralln > N, d(x,,x) << ||c]||, then {x,} is said to be convergent and converges to x

and x is called the limit of {x,}. We denote it by lim x, = x.
n— oo
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Proposition 2.17. [13] Let {[ay , by], @ € (0, 1]} be a family of nested bounded closed
intervals. Let n : R — [0, 1] be a function defined by

n(t) = \/{e € (0.1]: 1 € [ay . byl}.

Then 7 is a fuzzy real number.

3. Main Results

Definition 3.1. For F' C E we define fuzzy diameter of F is the fuzzy real number 6(F)
as

Sty =\/le e ©.1): tel\/Ixlly. \/ lIxl3].
xeF xeF

Definition 3.2. Let (X , d) be a fuzzy cone metric space and let g, f : X — X.Then g
is called fuzzy f-quasicontraction, if for some constant A € (0, 1) and forevery x,y € X
there exists

ue C(fs x,y)={d(fx, fy), d(fx,gx), d(fx,gy), d(fy,gy), d(fy,gx)}
such that d(gx, gy) < Au 2.2.1).

Lemma 3.3. Let (X , d) be a fuzzy cone metric space and P be a normal fuzzy cone
with normal constant K. Let g, f : X — X, g commutes with f and g(X) C f(X)and
suppose g is fuzzy f-quasicontraction.

Let xo € X and x; € X be such that g(xg) = f(x;). Having defined x; € X, let
Xn+1 € X be such that g(x,) = f(xp+1) = yn.

Now for n € N we set,

O(xo,n) = {y0, Y1, Y2, -+ »Yn}

and
O(xo, 00) = {y0, y1, y2,...}.
Then there exists ng € N such that the following hold:

(1) Ifi,j,ne N, n>npandng <i, j > nthend(y;, y;) < 6(O(xp;n)).

(i1) If n € N and n > ng then
84 (0(x03n)) = max{d,(yo, yv), dy(yi»yj): 1 <k <n,1 <1, j <ro},a € (0,1)
andr = 1,2.

(iii)) If n € N and n > ng then

k
mdg(yo,)’noﬂ), Ak8,,(O(xo;n0)), d,(yo, ) : 1 <1 < no} ,

aec 0, Dandr =1,2.

54, (O(x0;n)) < {
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@iv) If n € N and n > ng then

k
85,(O(x0;00)) < {mdé(yo,yno+1), Ak3g,(O(x03n0)), dg(yo,y) = 1 =1 < no},

aec 0, andr =1,2.
(v) Forn € N andn > ng + 1 we have
d(Yn » Yn—1) = KA"08(0(x0; 00)).

(vi) Sequence {y,} is Cauchy and form > n > ng + 1 we have

n

80 (x: 00)).

Proof. Suppose that ng € N is such that max{A"°K, A" K?} < 1.

(1) Suppose thati, j,n € N, n > ng and ng < i, j < n. There exists

m € {d(gxi—1,8xj—1), d(gxi—1,8x;), d(gxi—1,8xj), d(gxj_1,8x}),
d(gxj_1,8x;)} C O(xp;n)

such that d(y;,y;) = d(gx;,gxj) < Ani. Now, there exists n, € O(xp;n) such
that n; < Any. Hence d(y;,y;) < Aznz. Thus after ng steps we get,

d(isyj) < ANy,
for some n,, € O(xop;n). Since P is normal, thus

d(yi, yj) = KA"n,, < 8((x031)) (2.3.1)

(i) From (i) we get,
dy (i, yj) < 8,(0(x0;n))

forr = 1,2 and o € (0, 1). Thus it follows that, forn € N and n > ng;
84 (O(x03n)) = max{dg(yo, y), do(yi, yj): 1 <k <n, 1 <i, j <no}, @ €(0,1)
andr =1, 2.

(iii) There are three cases may arise.

Casel. If
8L(O(xo;m)) = dL (305 Vi)



Common fixed point theorems for mappings in fuzzy cone metric spaces

for some k() € N such that 1 < k(a) < ng then
8, (0(x0;m)) < max{dy(yo, y1) : 1 <1 < no},

Similarly 82(O0(xo;n)) < max{d>(yo,y1) : 1 <1 < no}.

CaseIl. If
8L(0(xo;n)) = dL (3o, Vi)

for some k() € N such that ng < k(a) < n then
d(y0, yi) < d(Yo, Yng+1) ® d(Yng+1, Yio)-
Since P is normal we have,
d(y0, yi) = K{d(y0, Yng+1) @ d(Yno+1, Yi)}-
1.e.
80 (30, Yi) = K{dg (30, Yng+1) + dg(Yng+1, vy} @ € (0, 1), r = 1,2,
By using (ii), it follows that,

8" (0(xo;1m)) < Kd"(¥0, Yngs1) + A" K281 (0 (x0; 1))

1.e.
84(0(x0;n)) =< La’r( )
o 0> == 1 — )\noKZ o\ Y05 Yng+1
forr =1,2.
Case II1. If

85(O(x05n)) = dg(yi, y;)

for some i, j € N with 1 <i, j < ng then
diy(yis yj) < Mg
for some n € {d(a,b) : a,b € O(xg,n9)}. Hence in this case
8,(0(xp;n)) < AK S, (O(x0;n0)), r = 1,2, a € (0, 1).
Thus (ii7) holds.

(iv) From (iii), (iv) follows.
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Forn > ng + 1 we get,
d(yna yn—l) =< )‘nn,n—l

for some
77n,n—1 € {d(yn—i-l» yn)a d(yn—i—l, )Jn—l)a d()’na Yn—l), 6}
Again
d(yn+l, yn) =< )Lnn,n+l
for some

Nnn+1 € {d(yn-i-Z, Yn—}—l)’ d(yn—l—Za yn), d(yn—l—l’yn), (_)}

Further, d(yn+1, yn—1) < Au—1,4+1 Where

Nn—1.n+1 € {d(yn—l—Za yn)a d(yn—|—2’ yn—i—l), d())n—l—Za yn—l), d())n’ yn—l)a d(yna yn—l)}-
So, )

d(yl’l’ yn—l) = )\2775,,3,_1
where

2
ni,i_l € {d(Yn> Yn—1)> dYn+1> Yn)s d(Ynt1> Yn—1)> d(Yn+2, Ynt1),

d(yn—l—Z, Yn)s d(yn—l—Z, Yn—1), (_)}

We continue in similar way and after n( steps we have,

d(Yn, yn—1) < A" (2.3.2)
where
ng J
’7%))_1 € U U{d(yn+j,dn—1+i)}-
j=0i=0
Hence

d(yn, yn—1) = KA"8(0(x0; 00)).

By (2.3.2), form > n > ng+; we have,

m—n—1
k
d(Yn, ym) < d(ns Yn+ DA (Yn+1, Yn+2)®- - - Od(Yim—1, Yym) < Z k"*"nffﬂﬁl,wk.
k=0
Since P is normal, we have,
m—n—1 n
k
A(yn.ym) < K" Y kgt < K ———8(0xo; 00)).
k=0

This implies that d(y,, y,) — 0 as m,n — o0o. So {y,} is a Cauchy sequence.
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Theorem 3.4. Let (X , d) be a complete fuzzy cone metric space and P be a normal
fuzzy cone. Let f : X — X, f % be continuous, g : f(X) — X be such that
g(f(X) C f 2(X) and f(g(x)) = g(f(x)) whenever both sides are defined. Further
suppose that there exists A € (0, 1) such that (2.2.1) holds for every x,y € f(X). Then
f and g have a common fixed point.

Proof. Suppose xo € f(X). We define a sequence {x,} in f(X) such that

S ng1) = g(xn) = Y-
Let
Jyn = fgxn = &fXn = g¥n—1 = 2.
By Lemma 2.3, for n < m we have

n

d(Zn B Zm) 5 K

——8(0(x0: 00)).

This implies that {z,} is a Cauchy sequence in X and since X is complete 3z € X such
that z;, — z asn — oo. By using (2.2.1), it follows that

d(f*zn,8fzn) = d(gfzn-1, §fzn) < A

for some

m € {d(gfm—2, &fzn-1)s d(@fzn—1+ §fzn)s d(§fzu—2, &f7n), O}.

As in the proof of Lemma 2.3, for eachn € N,

d(fzzn s &) =d(gfzn—1, &fzn) < )\n_znn—2
for some
-2 €{d(gfzi, gfz)): 0<i<n—-1,1<j<n}
Hence d(fzzn , 8fzn) — 0asn — oo and thus f2z = gfz. Now from (2.2.1) we get,

d(g(gfz), gfz) < Au

where x = gfzand y = fz. f u =d(fx, fy)then we have,

d(g(gfz), 8fz2) < Ad(f(gfz), f(f2)
= ad(g(f?z), f7z) (since g(f(x)) = f(g(x)))
= 1d(g(gf2), &f2)
= (A — Dd(g(gfz), gfz) € P
= d(g(gfz), gfz) =0 (since A — 1 < 0)
= g(gf2) = gfz
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Thus gfz is a fixed point of g. Also, f(gfz) = g(fzz) = g(gfz) =gfz. Hence gfzis
a common fixed point of f and g. [ |

The following example justifies the Theorem 2.4.

Example 3.5. Let us consider the Banach space (E , || ||') where E = R and ||x||’ =
|x| Vx € E.Define || || : E — E*(I) by
1 ift > ||x|/
x||(t) =
[1x11(r) 0 ifr < ||l

Then [||x||1e = [|Ix]|", [|x]I'] Y& € (0, 1]. It can be verified that, (i) ||x|| = 0 iffx =0
@) [lrx[] = |r|llx]| GiD) |Ix + y|I = [lx| & [|y|l. Thus (£, || []) is a complete fuzzy
normed linear space. Define P = {n € E*(I) : n > 0}. Then P is a fuzzy cone as
well as normal fuzzy cone with normal constant 1. Now choose the ordering < as < and
defined : E x E — E*(I)byd(x,y) = ||x — y|| Vx,y € E. Then it is easy to verify
that d satisfies the conditions (Fd1) to (Fd3). Hence (E , d) is a fuzzy cone metric space.
Define f,g: E — E by

1 ifx e (—o0,—1]
f)=3x ifxe(-1,1)
—1 ifx e€[l,00)

and 1+
Y ifxe(—1,0]
_ )1z
gx) = Tx if x € (0, 1)
0 ifx € (— 00, —1]U[L,00)
Then

1 ifx e[l,00)
FAaoy={x ifxe(—1,1)
1 ifx e (—o0,—1]

Thus 2 is continuous. Also f(g(x)) = g(f(x)) Vx € E and gf(X) C f2(X). Now we
show that g is f-quasicontraction. For, take x,y € (0, 1) then

1—x 3x —1
d(fx, fy)=dx,y)=|x —yl, d(fx,gx) =d | x, ) =5 |
11—y 2x+y—1 11—y 3y —1
d b :d b - —’d b :d ’— ES b
(fx,8y) <x > ) > (fy,gy) (y > ) ' 7
1 —x 2y +x —1 l—x 1—y xX—y
d ’ :d ) = —7d ) :d s T A = .
(fy,gx) (y > ) ‘ > (8x,8Y) ( > 5 ) 5 ‘
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So

2
Thus all the hypothesis of Theorem 2.4 hold. Now

d(gx,gy) = < Llx —yl=1d(fx, fy).

fx)=gx)=x
1 —x
2

. 1
X ==
3

=

=X

1
Thus 3 is the common fixed point of f and g.
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