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Abstract

Here we investigate some graph theoretic aspects of modules with the help of
the attached ring through various types of maps, in particular module
homomorphisms from the module to it. Here we especially dealt with the
cases of finite dimensional modules with ascending chain conditions with its
annihilators.
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1. Introduction
Here we investigate some graph theoretic aspects related to coloring of elements of
modules over a ring introducing the notion of adjacency in between its elements.

In an additive algebraic structure, a product operation is may arise with the help of
another structure equipped with two operations, one of them bearing the nature of so-
called product. And the same may be obtained when we be able to give an external
composition to the preceding algebraic structure with the help of the later one. IfM is
with such an additive structure and Ais the other one with operation ‘e’, at least
bearing the semi-group character such that we have the map: M xA— M with

(m, a) — m-a (we will write it as just ma), then for amap f : M — A, it is possible
to define a product 'e,' such that for a,be Ajae, b=af(b) [or justaf (b)].The
system (M .9 ) is now our sought structure for having a system with the chosen M
with a pseudo product e, . For such an algebraic structure our expected graph is the

triplet (V, E, f) withV as the set of vertices-the elements of M, E -the set of edges
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where for a,b(e M), ‘ais adjacent tob’ if ae, b=0(or ‘a and bare f- adjacent’).
In other word this associated graph to the module M over R is the directed zero
divisor graph of the structure (M EE ) if we consider two non zero element aand b
are adjacent with the above definitions.

The pseudo product described here may coincide with the product available in R
when M coincides with the ring R with respect to some definite map f (in particular

the identity map). It is observed here some interesting and elegant connections
between finiteness of the chromatic number of such a graph and the notion of a so-
called Goldie module [4] which reads as a module M over aring R where,
1. M is finite dimensional
2. R satisfies the ascending chain condition (a.c.c.) for annihilators of subsets of
M in R .i.e. any collection of annihilators of subsets of M in R satisfies the
maximal condition.

Here we give some interesting facts revealing the interrelation between such a
module and the corresponding f - algebraic triplet, when the latter structure appears

as a result of an attachment of respective order preserving map f .In this context we

would like to refer Chartr and et al [3] and Pilz [8] for Graph Theoretic and Near-ring
theoretic pre-requisites. Moreover we refer the works of Beck [1], Bruijn et-al [2] for
coloring of rings.

If Mis a right module over R(denotedMy) and iff:M - R 1is an R-

homomorphism, then the triple (M ,+,of) where m e, m, =m f(mj) is a ring. We

call it an h-ring denotes M ; .

Note
1. This ring is our sought h-ring.
2. Such an h-ring is not commutative always. We see that in case of a PID D if
f:D — D , aD -homomorphism with (say) f(x): mx,(me D), then D, is
commutative. It happens to be true for any such f .
3. Evenifthe ring R does not contain unity 1, yet whenM is an R-module, M,

may contain its unity. The following explanation justifies what we have
meant.

LetR={(2m2n)/mne Z}.Then (R+,) is a commutative ring and is without
unity such that for (2m2n)(2a,2b)e R,(2m2n)+(2a,2b) = (2(m+ a),2(n+b))and
(2m2n)-(2a,2b) = (2ma,4nb)

Now (Z,+) is a module over R with the map ZxR-—>Z where
m(2a,2,8) =Mma eZ It is easy to see that for mne Z and(2,2n) eR, m(2,2n) =m
i.e.Rhas no unity, but(2,2n)=eec R is such that me=mvme Z .Thus €acts as a
right unity for the module Z over the ring R.For anyne Z itis true. Now f:Z - R
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with f(m) = (2m,0) is an R-homomorphism. And for 1€Z, we have
me, 1=mf(1)=m(2,0)= mVme Z .Thus 1€Z acts as the unity in (Z)f

4. When f =1 -the identity map and the attached ring is commutative then the h-
ring M is also so.

Unless otherwise specified, through out this paper M (orM ;) will mean a right
module over Rand f is an R-homomorphism from M toR. A module M is an f-
color- module if the f-chromatic number [§ 3] of the module M [denoted y, (M) ]is

finite. The main results of this paper are dealt here from two main aspects viz. h-ring
and that of coloring of modules such as:

A sub-module of the module appears as a right ideal of the corresponding h-ring
structure of the same. The h-ring structure of a module My gives rise to the h-ring
structure of the quotient of M modulo an ideal contained in the kernel of the map- f
induced by the preceding map f .A module M ; is right Goldie if and only if the
corresponding h- ring is right Goldie. Prime character of a sub-module modulo the
kernel of the homomorphism leads to the prime character of the image sub-module of
the ring as a module over itself. Pseudo product defined with the help of just a map f
from the module M to the ring R gives rise to an abelian near-ring structure. A

group structure is sufficient to make it into a right near ring with respect to the
pseudo- product defined. Occurrence of infinite number of f-right finite elements in a

module M ; is a sufficient condition for having an infinite f-clique in it. An infinite f-

cligue in an h-ring helps to get such an induced clique in the quotient modulo the
kernel and conversely. The existence of an infinite f-clique in a module is a necessary

condition for containing a nilpotent element in the h-ring M { .A finite dimensional
module turns out to be a right Goldie h- ring if it is with only finite f-cliques. The
prime sub-module [§3] of a Goldie module M ;and one that of the attached ring R

annihilates each other if the intersection of the respective annihilators vanishes. An h-
ring originated from a finite dimensional f-color module is a right Goldie ring. In case
of an f-color-moduleM , the h-ring M, modulo right annihilator of any subset of

M is a y~color-module (y is induced by f ).

2. Examples and Observations
The following examples given below in this paper carries informations about nearing
groups, semi Ring groups or such type of algebraic structures viz: Goldie M -group
[4] in the context of the results stated.

Example 1: Consider the module Z[X]over the ringZ .Define f : Z[x] > Z by
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f(zn: a,x j = i a,a €Z then (Z[X],+,of ) is a ring. Hence Z[x] is an h-ring.
i=0

i=0
Example 2 Z(x)is a module overZ. Define f :Z[X]—) Z by

f (p(X)) = deg( p(x)), p(X) € Z(X), then (Z[X],+,of ) is a right near- ring. Hence Z[X]
is an f- right near-ring.

Example 3: Z,, [x] is an additive abelian group of polynomials over Z,, Then
(230 [X],+,o) is a right nearing where’ o ’is defined as the composition of mappings.
Then 1[x] is an additive subgroup of Z, [x|wherel, ={0,6,12,18,24} .Let N =
(Z,,[x}+,2) and G =(1,[x]+) NowG is an N -subgroup of N . Define ¢:G — N by
(15(9) =20 .Then (G,+,o¢) is a right near-ring. Thus G is a ¢-right near-ring.

Example 4. Consider the semi group (A,) where A=
0 0)(1 0)(O0 1)(1 1
0 o/lo 1/{1 oJ{1 1)

Cea (00, (10y, (o), (1),
etA)—[O OJ’AI_(O J,Az—l Oj,Aj—[l j ere

—_—

F| > > > >
F|F| > > | >
|2 | P P>
>\ > |F || >

PP | > >

And (Z,,+,) is a ring. We define f : A—>Z, by f(A)=(a,) where A=(a;)
Here e is right distributive but not left distributive. Hence (A,-,of ) is a semi near-
ring (right).Thus A 1is f-semi near-ring (right). If we definef:A—>Z, by
f(A)=det(A) and f(A)=traceA or f(A)=> a; then (A.e,) is a semi near-ring
(right) and semi-ring respectively.

Example 5: Let R be a ring. Then R is a module over itself. Consider a map
f :R— Rdefined as f(X)=2xVXxe R thene, is both left and right distributive. Thus

(R,+,of ) is a ring. Hence Ris an h-ring.

Note: In a given ring we can insert a number of rings.
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Example 6: We consider R=z, ={0,1,2,3,4,5} and f :R— Rby f(X)=2x. Then
(R,+,of ) is a ring. We need only three colors to color the ring (F€,+,of ).Thus
¥ (R)=3.1f we define g:R— R by g(x)=3x then only four colors are needed to
color the ring (R,+,og ).Thus X4 (R)=4.If we consider the identity map i:R—R,

we need three colors to color the ring (R,+,oi).Thus ¥ (R =3.This y;(R)=31s
nothing but the y(R)in case of Beck[1].

Example 7: Consider the group G=1{0,a,b} under the addition defined by the
following table.

oo |o|+
oo oo
o |lo|c|c

ol o

map
And let the set N :M(G):{am:G_)G}We define ¢ : G —> N by

Ola|b
¢(O) =a, |0]0]a
¢(a) =a, |[0]a|0
¢(b) =a; |4 010

Then only two colors are needed to color the vertices of (G,+,o ) Thus
2(G.e,) is 2. If$: G — N, defined by

Ola|b
#0)=a, [0|0]0
Ha)=a, |a]aa
¢b)=a, |b|b|b

Then (G,+,o ¢) is a left near-ring. Here ;((G,+,o ¢) is 1.

3. Preliminaries

Definitions

The graph of the module M is the triplet (V, E, f) where the elements of the module
M is the set of verticesV , Eis the set of edges and what follows f is an R-
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homomorphism from a module M ;to the module R;. An element x(e M) is f -
adjacent toyif xe, y=0or we call it “Xandyare f -adjacent *’ (clearly such a
graph is a directed one).Two elements “X and y are f - adjacent to each other” if
Xe, y=0=ye Xx.If X and y are not distinct then(x,x) is an f -loop. A subset C
(finite /infinite) of M is an f -clique if any two elements of C are f -adjacent to each

other. The minimum numbers of colors which can be assigned to the elements of M
so that no two f - adjacent elements have same color is the f -chromatic (denoted

7:(M)) number of M. A module M is an f -color module if the f -chromatic
number of the module M is finite. If 7, (M )=n, whatever be the choice of the R-

homomorphism f (# 0), then Nis the chromatic number of the module M denoted
y(M)=n.

A module M s color-moduleif (M) is finite.

One may interestingly note here that chromatic number of a ring, what Beck has
insisted [1] need not be unique. The ;((R) in the sense what Beck has meant is nothing

but our ;((R) where i : R— R is the identity homomorphism. Example7 states what

we have mentioned here.
A module My is said to be prime if for any sub-module NgofM,

Ann(M ;) = Ann(Ny) .An element XinM is f -left-finite ( f -right- finite) if M e, X(
xe,. M) is finite. A ring Ris reduced if nil radical J = (0). It is to be noted that in

case of a non-commutative ring R, for everyr e R,rR= R, then R is a division ring.

On the other hand, one can say in case of a division ring R, aR=R for all ae R.
More generally one would like to note as Dheena [5] has introduced the notion of a
Duo-Near-ring (sub-commutative) which may be considered as analogous to what has
been mentioned above. This justifiably motivates us as it is seen in a case of a near-
ring [5] to give the notion of the left (right) sub-commutativity in a ring Ris as
follows. A ring R is left-sub commutative if for a,b€ R we have d € R such that
ab = da (right sub- commutative if fora,b € R we have ¢ € R such thatab=bc). The
ring R is sub-commutative, if for a,be R we have c,d € R such thatab=bc=da. A
ring R is -prime sub-commutative in the sense that for any subset T and prime sub-
module S of R;, TS= ST . The number of elements in a set is denoted by # here.

Lemma 3.1: If N is a sub-module of M then N is a right ideal of M, .

Proof: Here forn,n,eN, n +n,eN.And for,neNand meM ne m=
nf(m)e N.Thus N is a right ideal of M , .However for N - a right ideal of M, , the

additive group (N,+)is a sub module of M if f is onto.
Lemma 3.2: For any subset S(#= §)c M Se, M is a sub-module of M,
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The following lemma follows immediately from the ring structure of M, making M.

N
is a right M, module.
Lemma 3.3: Let N be a sub-module of M ;. Then % is aright M ; -module.
Lemma 3.4 (a): Let Nybe a finite sub-module of the module M ,.Then N:* isa
Annx

finite R-module. [N:X = {r e R| xr € N} ].

Proof: We know Anng(X+N)={reR|(X+N)r=N}={reR|xr+ N=N}=
{re R|xr e N}=N:X.Now the map f :Anng(x+ N) — X(Ann;(x+ N)) defined by
f(a)zxa is onto and Z{aeAnnR(X+N)|Xa:O} ={a € ANy (X+ N) |
a € Anngx} = Anng X [since ANNgX <

Anng (X + N

Anng (X + N ) ].Therefore X =X(N:x)

= X(Ann,(X+ N))i.e. N
R A R
Again N : X = {r e R| xr e N} .Gives X(N : X)g N and since N is finite, therefore

N:x is finite.
AnngX

N : X
M, (X)

1s finite with

Lemma 3.4(b): Let Nibe a finite sub-module of My.Then
respect to the ring N, . [N, : X= {me M |Xe, me N}].

Lemma 3.5: Let the module M, be with an infinite numbers of f -right-finite
elements. ThenM contains an infinite f -clique.[ Beck [1]]

Lemma 3.6: Let | be a left ideal of R. And (Ann,, | =)N(c Ker(f)) is a sub-module

of M .Then, (Mj is an h-ring for the ¥ induced by f where ,/,;M _, R 1s such that
N N

v

w(m+N)= f(m).

Lemma 3.7: LetN =Ker(f) be a finite sub-module of the module M. Then the
module M contains an infinite f -clique if and only if M contains an infinite w —
N

clique where v is induced by f withy(m+ N)= f(m).

Proof: Let Cbe an infinite f-clique ofM .Then we will show that

EI{C+N|C€C} is a w-cligue of M.Now for ¢ +N,c,+NeC,
N ' :
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(¢ +N)e, (¢, +N) =(c +N)(c;+N) = +N)f(c,) = ¢ flc; )+ N =0+N =0
.Similarly(cj +N)e, (¢ + N)=0Vi # j .Thus C= {c+ Ni|ce C} is a y -clique of

%And(ci +N)=(c,+N) (= ])as N=Ker(f). Conversely, let {El}wiﬂ be an
infinite  -clique of M Hencec; o, ¢, € NVi # j.Therefore the set of products
N

{Ci ° C }i#j is a finite set. Now we can construct an infinite f -clique of M as it is

done in the Lemma 3.5.

4. Main Results
The main results are here presented as follows.

4.1 Char acterizations of Color Module
A module M, (or,M)isazeromoduleif M =0

Theorem 4.1.1: »(M)=1 ifand only if M is a zero module over R.

Note
1. In case of a complete graph (R, E,0), #(R,) is the order of the ring i.e. O(R)

2. If M(0)is a module over aring R with unity, then 2 < ;((M ‘ )S # M.

3. For a fieldF , ;((Ff )= 2 for all f(= 6) as we have only one such f viz: the

identity map.

4. Tt is to be noted that the chromatic number of a ring R as discussed in [1]
appears as a very restricted one. It is not difficult to see that in case of the ring
of integer modulo N, when n is other than prime; the f-chromatic number
varies for different R-homomorphism f .

The problem may be considered as an open one to investigate under what
condition one may expect the existence of ;((R)

Here one may note below the independence of the result with what was stated in
Beck[1].

Proposition  4.1.2:  Letp,, pP,,....Py> 5o, G, b different  primes  and

2n
N=p’"...p,
such that f (E)Zk, where K is the remainder when m is divided by N .Then y,(Z,)

. n n
—clique(Z ), = P, "+ Py -0

2ny 2my +1 2m, +1

B € q, and let f:Z, — Zbe a homomorphism

m; +1 m, +1

ql’ +r
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M

Proof: Let yo = plnl... P ¢ - qrm,+1 .Then f(y_o)= Y, .Consider the ideal
Zy e, a= {Zof E|ZGZN} [wherey, = f(y_o)z f(&), say]. Now (Zof 5)-f
(2, ¢, @)=z f@)s, (2, f@)=2 (@) [ (Z) (@) =7 (7)) f (@) (@)=

7 1(z) T (YYo= 2 F(Z)T(YYo) = 2 F(Z) F(¥)") = 7 F(z)F(0) =0

Similarly, (z_J . c_z)o . (Zof c_z):().ThuS Z, *, a is an f-clique, whose cardinality is
pt..p g™ ..g "

Then the set c=Z, o, aU {Vl o .Y, E}is an f-clique of (Zy ) containing

S= pln'...pk”k.qlm’ ------ q,m“ + 1 numbers of elements. Hence clique(Z, ), >s. In

order to show that y (Z,); <'s, we attach a distinct color to each of the elements of

the f-cliqueC . Furthermore let Zof Esz(a) Zlnf(&), where x, = Nn ,1<i <k

.Then Zof E,X_zof a, ....,X_kof a are also elements of C.[Since Zf(&)of X_]f(a)

=0.And hence have been equipped with a color. Let C(y) denote the color of an

element Y/ and color the remaining elements of (Z,, ) as follows. Pick X ¢ Zy e, a.
n n — —
If pl pk ‘ divides XdCﬁHC,C(X)= C(y] o, a), Where)-: = mint{l| q'- i Fxl If

n, — — —
P, - Py “ does not divides X deﬁne,C(x):C(xj o, a), where j = min{i | pr ¢
x}.It is easily seen that this coloring attaches different colors to f-adjacent vertices.
Thus ;(((ZN)f )S S Hence ;(((ZN)f ): S

This is as an example of Goldie module where f-chromatic number coincides with
f -clique of the module.

n

Theorem 4.1.3: Let M be a module over a right- sub commutative ringRR . If the h-
ring M ¢ contains a nilpotent element, which is not f-right- finite, then M contains
an infinite f-clique Beck[1].

Theorem 4.1.4: Let M be an f-color module over a right sub- commutative ring R

M
and Sbe any subset of M . Then " ( S) is a y~ color module where y is induced by
My

f.

Proof: Let {ﬁﬁ}g is a y~clique of

fw, (S) fu, (S)

.Nowﬁ ., ﬁ =0 gives that
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m e, m e 1, (S). Thus Se, (m ¢, m)=0Now {Zsl e, M |seSm eM}is

finite

an f-clique of Se; M.

Clearly, clique < clique Se; M .Now every f- clique of Se, M is also an f-

M
., (S)
clique of M as se . M is a sub-ring of M, .Since M is f-color module therefore

clique M ; <oc which gives Clique Se, M is finite. Thus clique _M _is finite. Thus,

w, (S)

M isa y-color module.

i, (S)

4.2 |nheritance of Goldie Character
Theorem 4.2.1: Let M be a module over R .

i If M, satisfies the a.c.c. on right annihilators of subsets then M also
satisfies the a.c.c. on annihilators of subsets of M inR..
ii. If M sis finite dimensional then M is also finite dimensional.

Proof: i) We consider an ascending chain Ann,(s,) < Ann,(S,) <...... , where
S cM,i=12,..

We claim for somete Z*, Anng(S,) = Ann,(S,,,) =.... .Now for any ascending
chain Anng(s)c ANNg(S,)c...... , where S < M,i=12,....there corresponds a

chain of right annihilators of subsets of M viz:ry (S)cry, (S)c...... As M,

satisfies the a.c.c. on right annihilators of subsets in M we have
v, (S) =Ty, (S =Ty, (Sc2) = for some keZ".We claim Anng(S,)=

AN (S, )=...... Suppose AnnR(SK)g AnnR(SKH ).Then there exists some
o € Anng(S,,,) such that & & Anng(S, ) which gives S,. # 0 for some s, € S, and
Sknoe = 0. Thus s e m#0for somes, €S and Ztiri =m [where
Anr(Sk):<f(T)>,T cM] and§,a=0. Thus megr, (S) but Mery (S<+1),a

contradiction. Thus our claim.
ii. Suppose M is not finite dimensional. Now if N is a sub-module of M then

N is a right ideal of M { [Lemma 3.1]. Thus N, @ N, @....., an infinite direct sum of

right ideals of M gives rise to an infinite direct sum of right ideals of M .

4.3 Prime Modules
Theorem 4.3.1: If M is a prime module over a ring R then rR(M ) is a prime ideal
of R.
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Proof: Clearly ry(M)is an ideal. Now let A and Bare two ideals of Rsuch that
ABcry(M)ie. MAB=0.Assume that Az r,(M).Now MAB =(MA)B c MB.And
MAB =0 gives B < r;(MA) =r,(M) .Thus r;(M)is a prime ideal of R .

The subset T(S)={seS|sr=0for some non zero reR} of S is the
torsion subset of S. Sis a torsion set if T(S)=S and is torsion-free if T(S)=0
Goodearl[6, Page 5].

Theorem 4.3.2: Let M be torsion- free over the prime sub-commutative ring R. If
M, is a prime sub-module of M and R is a prime sub-module of Ry such that
ro(M,) and I,(R,) are different maximal ideals then M,R =0.

Proof: Assume MR # 0. This implies R & (M, )and we get r;(M,): R = ry(M,)
[as rr(M,) is a prime ideal].Also ry(M,R)=rs(M,).Now xel.(R )gives xR =0
which gives xery;(M,R)

Thus Iz(R)crzx(M,R).The torsion-free character of M leads to
l.(R)=rg(M,R).Thus I(R )= ry(M,R )= r(M,), a contradiction. Hence M,R,
=0.

Theorem 4.3.3: Let Abe a sub -module of M such thatK =Ker(f)c A. If

A wie M then £(A) <™ R
K K )

Proof: Let A < prime M
K K

then for any sub- module B of A, AnnE = Anné .Here = =
K K K K K

{o+K|beB]. Anngz{r eR|(b+K)r=K}) ={reR|bre K}={r eR| f(br)=0}.Let Sis

a sub -module of f (A).
Thus AnNS o Annf (A).Consider A > Asuch that f(A)=S. Then A < A Now
forr € AnnS, rs=0for all seS gives f(a)r =0 for all ae A .Thus ar € Ker(f)=K

Hence (a+ K)r=Ki.e. reAnn%:Annéi.e.(aJr K=K VaeA=>ar+K=K

—areK.=> f(ar)=0= f(ar for all ae Agives that f (A)r =0.Thus
AnnSc Annf(A) i.e. AnnS= Annf(A) Hence f(A)<P™ R

4.4 Interrelation between Color modules and Goldie modules

The following theorem deals with a module having ;((I\/I )(oo In this section we
explore few ideas to convert a color module into a Goldie module where the so-called
f-clique are of the type C={X,X,,.. ...,X,} withx e, X, =0 foralli(j.

Theorem 4.4.1: Let M be a finite dimensional torsion- free module over a right sub-
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commutativering R. Then M is a right Goldie if it has no infinite f-clique.

Proof: Since Mis a finite dimensional module. Now we consider one strictly
ascending chain of right annihilators of subsets of M, say
v, (S)cry, (S)cry, (S)c.....which is not stationary.

Let X er, (S)\ry, (S.),i=23...=x¢er, (S)and X er, (S_).Then

Se . x=0and S, e X #0 Consider the elementsy,=S, , *; X, =S,,f(X,),

Nn>2.Then we can show that Yy, e, y, =0 for i # j.[sinceMis torsion free ].Put

Z, =Y, _,.Then {Zn }w n-1 is an infinite f-clique, a contradiction which implies that M
is right Goldie.

Theorem 4.4.2: LetM be module over a right sub- commutative ring R .If y(M )(c0
thenT (M), the torsion set of M is finite.

We know that a sub ring of a Goldie ring is always Goldie, but the same need not
be true in case of its every homomorphic image and this leads to the notion of what is
known as a fully Goldie ring [Jategaoenkar [15], Page4], as well as that of a fully

Goldie module Chowdhury [4].It is seen that in case of the Z-moduleZ,,
Ann(Z,)=6Zand M ={0,2,4} is a sub-module of Z, where AnnM =3Z .

Thus Z, is not a prime module but the quotient module Z; is a prime module.

And this motivates us to give the notion is a fully- prime module as follows. A prime
module M is fully- prime if every homomorphic image of it is again prime. The Z-

module Z, clearly is an example of a fully-prime module. Through out the theorems

given below we will consider M is a fully- prime over a -prime sub-commutative ring
R.

Theorem 4.4.3: Let M, be torsion -free. If y(M K« then the zero module of M is a
finite intersection of prime Sub modules ofM .

Proof: AssumeM, be torsion —free and ;((M )<a .Then ;((Mf)<a for any R-
homomorphism f . Clearly M, is a reduced. By theorem 4.4.1 it follows that M has
the a.c.c on right annihilators of sub-modules of M inR. Let I’R(S ), iel be the
different maximal members of the family {rR(S )| S+ 0} where S 'sare prime sub-
modules of M . We claim| is finite. Suppose not. Now S f(S;)=0Vi, j el gives

S e, S; =0.Thus we will get an infinite f-clique of M , a contradiction. Hence claim.

Now we claim()S ={0}.Lets(=0)e(|S  which gives seSVi.Thus

Anns = AnnS,; = {0} se SVi.Thus Anns = AnnS, # {0} .Letr(# 0) € Anns = AnnS, .
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Thenrs= 0 which gives that S= 0, a contradiction. Thus ﬂ S ={0}

Corollary 4.4.4: LetM be a torsion-free module over a right sub- commutative ring
R and ;((I\/I )(a then the torsion set T(M) is a finite intersection of prime sub
modulesof M .

Theorem 4.4.5: Let M be a torsion-free finite dimensional module over a right sub -
commutativeringR. If (M X thenM is a right Goldie module.

Acknowledgements
The Authors acknowledge CSIR for financial assistance to the research project of the
scholar Miss.Prohelika Das under JRF scheme

References

[5]
[6]
[7]
[8]

Beck, Istvan,: Coloring of commutative Rings, Journal of Algebra 116, 208-
226(1988).

Bruijn, N.G.De: A color problem for infinite graphs and problem in theory of
Erdos, P. relations Nederl. Akad. Wetensch.Proc.Ser.A54(1953), 371-373.
Chartrand, G at-el: Introduction to graph theory. Tata Mc.Graw Hill.
Chowdhury, K.C.: Goldie M —groups, J, Australian Math.Soc (A), 51 (1991),
237-246.

Dheena,P: On Strongly regular near-rings,J. Indian Math.Soc.49(1987), 201-
208.

GoodearlLK,R.: Ring Theory (Nonsingular Rings and modules.), MARCEL
DEKKER, INC, New York And Basel, 1976.

Jategoaenkar,A.V.: Left Principal Ideal Rings.Springer Verlag, Lecture Notes,
Pagel123, 1970.

Pilz, G.: Near-rings, North —Holland Publishing Company; 1977.








