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Abstract 
 

Here we investigate some graph theoretic aspects of modules with the help of 
the attached ring through various types of maps, in particular module 
homomorphisms from the module to it. Here we especially dealt with the 
cases of finite dimensional modules with ascending chain conditions with its 
annihilators. 
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1. Introduction 
Here we investigate some graph theoretic aspects related to coloring of elements of 
modules over a ring introducing the notion of adjacency in between its elements.  
 In an additive algebraic structure, a product operation is may arise with the help of 
another structure equipped with two operations, one of them bearing the nature of so-
called product. And the same may be obtained when we be able to give an external 
composition to the preceding algebraic structure with the help of the later one. If M  is 
with such an additive structure and A is the other one with operation ‘•’, at least 
bearing the semi-group character such that we have the map: MAM →×  with 
( ) amam ⋅→,  (we will write it as just ma), then for a map AMf →: , it is possible 
to define a product '' f•  such that for =•∈ baAba f,, )(. bfa  [or just ( )baf ].The 
system ( )fM •+,,  is now our sought structure for having a system with the chosen M

with a pseudo product f• . For such an algebraic structure our expected graph is the 
triplet ( )fEV ,,  withV as the set of vertices-the elements of EM , -the set of edges 
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where for ),(, Mba ∈  ‘ a is adjacent tob ’ if 0=• ba f (or ‘ a  and b are f- adjacent’). 
In other word this associated graph to the module M over R is the directed zero 
divisor graph of the structure ( )fM •+.,  if we consider two non zero element aand b

are adjacent with the above definitions.  
 The pseudo product described here may coincide with the product available in R
when M  coincides with the ring R  with respect to some definite map f  (in particular 
the identity map). It is observed here some interesting and elegant connections 
between finiteness of the chromatic number of such a graph and the notion of a so-
called Goldie module [4] which reads as a module M  over a ring R  where,  

1. M  is finite dimensional 
2. R  satisfies the ascending chain condition (a.c.c.) for annihilators of subsets of 

M in R .i.e. any collection of annihilators of subsets of M in R  satisfies the 
maximal condition.  

 
 Here we give some interesting facts revealing the interrelation between such a 
module and the corresponding f - algebraic triplet, when the latter structure appears 
as a result of an attachment of respective order preserving map f .In this context we 
would like to refer Chartr and et al [3] and Pilz [8] for Graph Theoretic and Near-ring 
theoretic pre-requisites. Moreover we refer the works of Beck [1], Bruijn et-al [2] for 
coloring of rings.  
 If M is a right module over R (denoted RM ) and if RMf →:  is an R -
homomorphism, then the triple ( )fM •+,,  where ( )jijfi mfmmm =•  is a ring. We 

call it an h-ring denotes fM .  
 
Note 

1. This ring is our sought h-ring. 
2. Such an h-ring is not commutative always. We see that in case of a PID D  if 

DDf →:  , a D -homomorphism with (say) ( ) )(, Dmmxxf ∈= , then fD  is 
commutative. It happens to be true for any such f . 

3. Even if the ring R  does not contain unity 1, yet when M  is an R -module, fM

may contain its unity. The following explanation justifies what we have 
meant. 

 
 Let ( ){ }ZnmnmR ∈= ,/2,2 .Then ( )⋅+,,R  is a commutative ring and is without 
unity such that for ( ) ( ) Rbanm ∈2,2,2,2 , ( ) ( ) ( ) ( )( )bnambanm ++=+ 2,22,22,2 and
( ) ( ) ( )nbmabanm 4,22,22,2 =⋅  
 Now ( )+,Z  is a module over R  with the map ZRZ →×  where 
( ) Zmm ∈= αβα 2,2 It is easy to see that for Znm ∈, and ( ) Rn ∈2,2 , ( ) mnm =2,2

.i.e. R has no unity, but ( ) Ren ∈=2,2  is such that Zmmme ∈∀= .Thus e acts as a 
right unity for the module Z over the ring R .For any Zn∈  it is true. Now RZf →:  



On Zero-Divisor Graphs of Modules 21 

 

with ( ) ( )0,2mmf =  is an R -homomorphism. And for 1∈Z, we have 
( ) ( ) Zmmmmfm f ∈∀===• 0,211 .Thus 1∈Z acts as the unity in ( ) fZ  

 
4. When If = -the identity map and the attached ring is commutative then the h-

ring fM  is also so. 
 
 Unless otherwise specified, through out this paper M (or RM ) will mean a right 
module over R and f  is an R -homomorphism from M to R . A module RM  is an f- 
color- module if the f-chromatic number [§ 3] of the module M  [denoted ( )Mfχ  ] is 
finite. The main results of this paper are dealt here from two main aspects viz. h-ring 
and that of coloring of modules such as: 
 A sub-module of the module appears as a right ideal of the corresponding h-ring 
structure of the same. The h-ring structure of a module RM  gives rise to the h-ring 
structure of the quotient of M  modulo an ideal contained in the kernel of the map- f

induced by the preceding map f .A module RM  is right Goldie if and only if the 
corresponding h- ring is right Goldie. Prime character of a sub-module modulo the 
kernel of the homomorphism leads to the prime character of the image sub-module of 
the ring as a module over itself. Pseudo product defined with the help of just a map f  
from the module RM  to the ring R  gives rise to an abelian near-ring structure. A 
group structure is sufficient to make it into a right near ring with respect to the 
pseudo- product defined. Occurrence of infinite number of f-right finite elements in a 
module RM  is a sufficient condition for having an infinite f-clique in it. An infinite f-
clique in an h-ring helps to get such an induced clique in the quotient modulo the 
kernel and conversely. The existence of an infinite f-clique in a module is a necessary 
condition for containing a nilpotent element in the h-ring fM .A finite dimensional 
module turns out to be a right Goldie h- ring if it is with only finite f-cliques. The 
prime sub-module [§3] of a Goldie module RM and one that of the attached ring R  
annihilates each other if the intersection of the respective annihilators vanishes. An h-
ring originated from a finite dimensional f-color module is a right Goldie ring. In case 
of an f-color-module RM , the h-ring fM  modulo right annihilator of any subset of 
M  is a ψ-color-module (ψ  is induced by f ). 
 
 
2. Examples and Observations 
The following examples given below in this paper carries informations about nearing 
groups, semi Ring groups or such type of algebraic structures viz: Goldie M -group 
[4] in the context of the results stated. 
 
 Example 1: Consider the module [ ]xZ over the ring Z .Define ZxZf →][: by
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Example 2: )(xZ is a module over Z . Define [ ] ZxZf →:  by

)()()),(deg())(( xZxpxpxpf ∈= , then ( )fxZ •+,],[  is a right near- ring. Hence [ ]xZ  
is an f- right near-ring. 
 
Example 3: [ ]xZ30  is an additive abelian group of polynomials over 30Z .Then 

[ ]( )D,,30 +xZ  is a right nearing where’ D  ’is defined as the composition of mappings. 
Then [ ]xI 6  is an additive subgroup of [ ]xZ30 where }24,18,12,6,0{6 =I  .Let N  =

[ ]( )D,,30 +xZ  and G = [ ]( )+,6 xI .NowG is an N -subgroup of N . Define NG →:φ   by 
( ) gg 2=φ .Then ( )φ•+,,G  is a right near-ring. Thus G  is a φ -right near-ring. 

 
Example 4: Consider the semi group ( )⋅,A  where =A
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. 0A 1A 2A 3A

0A 0A 0A 0A 0A

1A 0A 1A 2A 3A

2A 0A 2A 1A 3A

3A 0A 3A 3A 0A

 
 

 And ( )⋅+,,2Z  is a ring. We define 2: ZAf →  by )()( 11aAf =  where )( ijaA =

.Here f• is right distributive but not left distributive. Hence ( )fA •⋅,,  is a semi near-

ring (right).Thus A  is f-semi near-ring (right). If we define 2: ZAf →  by 
)det()( AAf =  and traceAAf =)(  or ∑= ijaAf )( then ( )fA •⋅,,  is a semi near-ring 

(right) and semi-ring respectively. 
 
Example 5: Let R  be a ring. Then R  is a module over itself. Consider a map

RRf →: defined as .2)( Rxxxf ∈∀=  then f• is both left and right distributive. Thus
( )fR •+,,  is a ring. Hence R is an h-ring. 
Note: In a given ring we can insert a number of rings. 
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Example 6: We consider }5,4,3,2,1,0{6 == zR  and RRf →: by xxf 2)( = . Then 
( )fR •+,,  is a ring. We need only three colors to color the ring ( )fR •+,, .Thus 

3)( =Rfχ .If we define RRg →:  by xxg 3)( =  then only four colors are needed to 
color the ring ( )gR •+,, .Thus 4)( =Rgχ .If we consider the identity map RRi →: , 
we need three colors to color the ring ( )iR •+,, .Thus 3)( =Riχ .This 3)( =Riχ is 
nothing but the )(Rχ in case of Beck[1].  
 
Example 7: Consider the group },,0{ baG =  under the addition defined by the 
following table. 
 

+ 0 a b
0 0 a b
a a b 0
b b 0 a

 

 And let the set ( )
⎭
⎬
⎫

⎩
⎨
⎧

== →GGGMN
map

:|αα We define NG →:φ by 

 
. 0 a b
( ) 10 αφ =  0 0 a
( ) 2αφ =a 0 a 0
( ) 3αφ =b a 0 0

 
 Then only two colors are needed to color the vertices of ( )φ•+,,G . Thus 
( )φχ •+,,G  is 2. If NG →:φ , defined by  

 
. 0 a b
( ) 10 αφ =  0 0 0
( ) 2αφ =a a a a
( ) 3αφ =b b b b

 
 Then ( )φ•+,,G  is a left near-ring. Here ( )φχ •+,,G  is 1. 
 
 
3. Preliminaries 
Definitions 
The graph of the module M is the triplet ( )fEV ,,  where the elements of the module 
M  is the set of verticesV , E is the set of edges and what follows f  is an R -
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homomorphism from a module RM to the module RR . An element )( Mx ∈  is f -

adjacent to y if 0=• yx f or we call it “ x and y are f -adjacent ’’ (clearly such a 
graph is a directed one).Two elements “ x  and y  are f - adjacent to each other” if 

xyyx ff •==• 0 . If x  and y  are not distinct then ),( xx  is an f -loop. A subset C

(finite /infinite) of M is an f -clique if any two elements ofC are f -adjacent to each 
other. The minimum numbers of colors which can be assigned to the elements of M  
so that no two f - adjacent elements have same color is the f -chromatic (denoted

( )Mfχ ) number of M . A module M  is an f -color module if the f -chromatic 
number of the module M is finite. If ( ) nMf =χ , whatever be the choice of the R -
homomorphism )0(≠f , then n is the chromatic number of the module M denoted 

.)( nM =χ  
 A module M is color-module if )(Mχ  is finite. 
 One may interestingly note here that chromatic number of a ring, what Beck has 
insisted [1] need not be unique. The ( )Rχ  in the sense what Beck has meant is nothing 
but our ( )iRχ  where RRi →:  is the identity homomorphism. Example7 states what 
we have mentioned here. 
 A module RM  is said to be prime if for any sub-module RN of M ,

)()( RR NAnnMAnn = .An element x in M is f -left-finite ( f -right- finite) if xM f• ( 
Mx f• ) is finite. A ring R is reduced if nil radical )0(=J . It is to be noted that in 

case of a non-commutative ring R , for every RrRRr =∈ , , then R  is a division ring. 
On the other hand, one can say in case of a division ring R , RaR =  for all Ra∈ . 
More generally one would like to note as Dheena [5] has introduced the notion of a 
Duo-Near-ring (sub-commutative) which may be considered as analogous to what has 
been mentioned above. This justifiably motivates us as it is seen in a case of a near-
ring [5] to give the notion of the left (right) sub-commutativity in a ring R is as 
follows. A ring R  is left-sub commutative if for Rba ∈,  we have Rd ∈  such that 

daab =  (right sub- commutative if for Rba ∈,  we have Rc∈  such that bcab = ). The 
ring R  is sub-commutative, if for Rba ∈,  we have Rdc ∈,  such that dabcab == . A 
ring R  is -prime sub-commutative in the sense that for any subset T  and prime sub-
module S of RR ,TS ST= . The number of elements in a set is denoted by # here.  
 
Lemma 3.1: If RN  is a sub-module of RM  then N is a right ideal of fM . 
 
Proof: Here for Nnn ∈21 , , Nnn ∈+ 21 .And for, Nn∈ and Mm∈ , mn f• =

( ) Nmnf ∈ .Thus N  is a right ideal of fM .However for N - a right ideal of fM , the 
additive group ),( +N is a sub module of RM  if f is onto.  
Lemma 3.2: For any subset ( ) MS ⊆≠ φ , MS f•  is a sub-module of RM  
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The following lemma follows immediately from the ring structure of fM  making 
N

M  

is a right 
fM module. 

 
Lemma 3.3: Let RN  be a sub-module of RM .Then 

N

M  is a right fM -module. 

 
Lemma 3.4 (a): Let RN be a finite sub-module of the module RM .Then 

Annx

xN :  is a 

finite R -module. [ xN :  = }|{ NxrRr ∈∈ ]. 
 
Proof: We know })(|{)( NrNxRrNxAnnR =+∈=+ = }|{ NNxrRr =+∈ =

}|{ NxrRr ∈∈ = xN : .Now the map ))(()(: NxAnnxNxAnnf RR +→+ defined by 
( ) αα xf =  is onto and = ( ){ }0| =+∈ αα xNxAnnR  = |)({ NxAnnR +∈α

xAnnxAnn RR =∈ }α [since ⊆xAnnR  

 ( )NxAnnR + ].Therefore ))((
)(

NxAnnx
xAnn

NxAnn
R

R

R +≅
+

i.e. ):(:
xNx

xAnn

xN

R

≅

.Again xN :  = }|{ NxrRr ∈∈ .Gives ( ) NxNx ⊆:  and since N is finite, therefore

xAnn

xN

R

: is finite. 

 

Lemma 3.4(b): Let RN be a finite sub-module of RM .Then
)(

:
xr

xN

fM

 is finite with 

respect to the ring fN . [ { }NmxMmxN ff ∈•∈= |: ]. 
 
Lemma 3.5: Let the module RM  be with an infinite numbers of f -right-finite 
elements. Then M  contains an infinite f -clique.[ Beck [1]]  
 
Lemma 3.6: Let I  be a left ideal of R . And ( ) ( )( )fKerNIAnnM ⊆=  is a sub-module 
of M .Then, 

ψ

⎟
⎠
⎞

⎜
⎝
⎛

N

M  is an h-ring for the ψ  induced by f  where R
N

M
→:ψ  is such that

( ) )(mfNm =+ψ .  
 
Lemma 3.7: Let ( )fKerN =  be a finite sub-module of the module RM . Then the 
module M contains an infinite f -clique if and only if 

N

M  contains an infinite −ψ

clique where ψ  is induced by f with ( ) ( )mfNm =+ψ . 
 
Proof: Let C be an infinite f -clique of M .Then we will show that 

{ }CcNcC ∈+= |  is a ψ-clique of 
N

M .Now for CNcNc ji ∈++ , ,
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)()( NcNc ji +•+ ψ  = )()( NcNc ji ++ ψ  = ( )ji cfNc )( +  = ( ) Ncfc ji +  =0+N = 0

.Similarly jiNcNc ij
≠∀=+•+ 0)()( ψ .Thus { }CcNcC ∈+= |  is a ψ -clique of 

N

M And )()( NcNc ji +≠+ , )( ji ≠ as )( fKerN = . Conversely, let{ } 1=
∞

iic  be an 

infinite ψ -clique of 
N

M .Hence jiNcc jfi ≠∀∈• .Therefore the set of products 

{ }
jijfi cc

≠
•  is a finite set. Now we can construct an infinite f -clique of M as it is 

done in the Lemma 3.5.  
 
 
4. Main Results 
The main results are here presented as follows. 
 
4.1 Characterizations of Color Module 
A module RM ( or )MR is a zero module if 0=M  
 
Theorem 4.1.1: ( ) 1=Mχ  if and only if M  is a zero module over R . 
 
Note 

1. In case of a complete graph ),0,,( ER  ( )0Rχ  is the order of the ring i.e. ( )R0   
2. If )0(≠M is a module over a ring R  with unity, then ( )≤≤ fMχ2 # .M  

3. For a field F , ( ) 2=fFχ  for all )0(
∧

≠f as we have only one such f  viz: the 
identity map. 

4. It is to be noted that the chromatic number of a ring R  as discussed in [1] 
appears as a very restricted one. It is not difficult to see that in case of the ring 
of integer modulo N , when n is other than prime; the f-chromatic number 
varies for different R -homomorphism f .  

 
 The problem may be considered as an open one to investigate under what 
condition one may expect the existence of ( )Rχ  

 Here one may note below the independence of the result with what was stated in 
Beck[1]. 
 
Proposition 4.1.2: Let rk qqppp ,......,,,....., 121 be different primes and 

.... 22
1

1 kn
k

n ppN =  
1212

1 ......1 ++ rm
r

m qq  and let ZZf N →: be a homomorphism 

such that ( )mf =k, where k  is the remainder when m is divided by N .Then )( Nf Zχ

=clique ( ) fNZ =
11

11 ........ 11 ++ rk m
r

mn
k

n qqpp + r 
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Proof: Let y0 =
11

11 .......... 11 ++ rk m
r

mn
k

n qqpp .Then ( ) 00 yyf = .Consider the ideal  

=• αfNZ { }Nifi Zzz ∈• |α  [where ( )αfyfy == )( 00 , say]. Now ( ) ffiz •• α

( )αfjz • = ( ) fi fz •)(α ( ))(αfz j = )()()( αα fzffz ji = )()()( αα ffzfz ji ==

=00 )()( yyfzfz ji =)()( 00 yyfzfz ji =))(()( 2
0yfzfz ji 0)0()( =fzfz ji  

 

 Similarly, ( ) ffjz •• α ( )αfiz • =0.Thus αfNZ •  is an f-clique, whose cardinality is 
rk m

r
mn

k
n qqpp .......... 11

11   

 Then the set =c { }ααα fnffN yyZ ••• ,...,1∪ is an f-clique of fNZ )(  containing 

rqqpps rk m
r

mn
k

n += .......... 11
11  numbers of elements. Hence clique fNZ )(  ≥s. In 

order to show that χ fNZ )(  ≤ s, we attach a distinct color to each of the elements of 

the f-cliqueC . Furthermore let ( )αα fxx ifi =•  = ( )αf
p

N
in

i

, where
in

i

i
p

N
x = , ki ≤≤1

.Then αfx •1 , ,2 αfx • …., αfkx •  are also elements of C .[Since ( ) ( )αα fxfx jfi •

=0.And hence have been equipped with a color. Let ( )yc  denote the color of an 
element y  and color the remaining elements of fNZ )( as follows. Pick αfNZx •∉ . 

If 
kn

k
n pp ...1

1 divides  x define, ( ) ( )αfjyCxC •= , where . If 

kn
k

n pp ...1
1 does not divides x  define, ( ) ( )αfjxCxC •= , where j = min{i | in

ip ∤ 
x}.It is easily seen that this coloring attaches different colors to f-adjacent vertices. 
Thus ( ) sZ fN ≤)(χ  Hence ( ) sZ fN =)(χ  
 This is as an example of Goldie module where f-chromatic number coincides with
f -clique of the module. 

 
Theorem 4.1.3: Let M be a module over a right- sub commutative ring R . If the h-

ring fM  contains a nilpotent element, which is not f-right- finite, then fM  contains 
an infinite f-clique Beck[1].   
Theorem 4.1.4: Let M be an f-color module over a right sub- commutative ring R

and S be any subset of M . Then ( )Sr

M

fM

 is a ψ- color module where ψ is induced by

f . 

Proof: Let { } ( )Sr

M
mm

fM
n ⊆,....,1  is a ψ-clique of 

)(Sr

M

fM
.Now 0=• ji mm ψ  gives that 
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∈• jfi mm  )(Sr
fM . Thus ( ) 0=•• jfif mmS Now 

⎭
⎬
⎫

⎩
⎨
⎧

∈∈•∑ MmSsms j
finite

ijfi ,| is 

an f-clique of MS f• . 

 Clearly, clique
( )Sr

M

fM

 ≤ clique MS f• .Now every f- clique of MS f•  is also an f-

clique of fM  as MS f•  is a sub-ring of fM .Since M is f-color module therefore 

clique fM <∝ which gives Clique MS f• is finite. Thus clique 
( )Sr

M

fM

is finite. Thus, 

( )Sr

M

fM

 is a ψ-color module. 

 
4.2 Inheritance of Goldie Character 
Theorem 4.2.1: Let M be a module over R . 

i. If fM  satisfies the a.c.c. on right annihilators of subsets then M  also 
satisfies the a.c.c. on annihilators of subsets of M in R . 

ii. If fM sis finite dimensional then M is also finite dimensional. 
 
Proof: i) We consider an ascending chain ......)()( 21 ⊆⊆ SAnnsAnn RR  , where 

,....2,1, =⊆ iMSi  
 We claim for some +∈Zt , ....)()( 1 == +tRtR SAnnSAnn  .Now for any ascending 
chain ⊆)( 1sAnnR  ......)( 2 ⊆SAnnR  , where ,....2,1, =⊆ iMSi there corresponds a 
chain of right annihilators of subsets of M viz: ......)()( 21 ⊆⊆ SrSr

ff MM  
As fM  

satisfies the a.c.c. on right annihilators of subsets in M  we have
.......)()()( 21 === ++ kMkMkM SrSrSr

fff
  for some +∈Zk .We claim )( kR SAnn = 

( ) .......1 =+kR SAnn Suppose ( )kR SAnn ⊊ ( )1+kR SAnn .Then there exists some
( )1+∈ kR SAnnα  such that ( )kR SAnn∉α  which gives 0. ≠αkS  for some kk Ss ∈ and 

Sk+1α = 0. Thus 0≠• ms fk for some
k

Ssk ∈   and mrt ii =∑  [where

( ) ( ) MTTfSAnn k ⊂= , ] and 01 =+ αkS . Thus ∉m )(Sr
fM  but ( )1+∈ kM Srm

f
,a 

contradiction. Thus  our claim. 
ii. Suppose M  is not finite dimensional. Now if RN  is a sub-module of RM  then 
N  is a right ideal of fM [Lemma 3.1]. Thus .....21 ⊕⊕ NN , an infinite direct sum of 

right ideals of fM  gives rise to an infinite direct sum of right ideals of fM . 
 
4.3 Prime Modules 
Theorem 4.3.1: If M  is a prime module over a ring R  then ( )MrR  is a prime ideal 
of R . 
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Proof: Clearly )(MrR is an ideal. Now let A  and B are two ideals of R such that
)(MrAB R⊆ i.e. 0=MAB .Assume that )(MrA R⊄ .Now MBBMAMAB ⊆= )( .And 

0=MAB gives )(MArB R⊆ )(MrR= .Thus )(MrR is a prime ideal of R . 
 The subset }0|{)( RrzerononsomeforsrSsST ∈=∈=  of S  is the 
torsion subset of S . S is a torsion set if ( ) SST =  and is torsion-free if 0)( =ST
Goodearl[6, Page 5]. 
 
Theorem 4.3.2: Let RM  be torsion- free over the prime sub-commutative ring R . If 

1M  is a prime sub-module of M  and 1R  is a prime sub-module of RR  such that 
( )1MrR  and ( )1RlR  are different maximal ideals then 11RM =0. 

 
Proof: Assume 011 ≠RM . This implies ( )11 MrR R⊄ and we get ( ) =11 : RMrR ( )1MrR  
[as )( 1MrR  is a prime ideal].Also ( ) =11RMrR ( )1MrR .Now x∈ ( )1RlR gives 01 =xR  
which gives )( 11RMrx R∈   
 Thus )()( 111 RMrRl RR ⊆ .The torsion-free character of M leads to 

)()( 111 RMrRl RR = .Thus ( )1RlR = ( )11RMrR = ( )1MrR , a contradiction. Hence 11RM
=0.  
 
Theorem 4.3.3: Let A be a sub -module of M  such that ( ) AfKerK ⊆= . If 

K

M

K

A prime≤  then ( ) RAf prime≤ . 
 
Proof: Let 

K

M

K

A prime≤  then for any sub- module 
K

B  of 
K

A , 
K

A
Ann

K

B
Ann = .Here 

K

B

 
= 

{ }BbKb ∈+ | . ( ){ }KrKbRr
K

B
Ann =+∈= | ) ={ }KbrRr ∈∈ | = ( ){ }0| =∈ brfRr .Let S is 

a sub -module of )(Af . 
 Thus ( )AAnnfAnnS ⊇ .Consider AA ⊇1 such that SAf =)( 1 . Then AA ≤1 .Now 
for AnnSr∈ , 0=rs for all s∈S gives ( ) 0=raf  for all 1Aa∈ .Thus ( ) KfKerar =∈  

Hence KrKa =+ )( i.e. 
K

A
Ann

K

A
Annr =∈ 1 i.e. ( ) KrKa =+ Aa∈∀ ⇒ KKar =+  

Kar ∈⇒ .⇒ ( ) 0=arf ⇒ raf )( for all Aa∈ gives that ( ) 0=rAf .Thus
( )AAnnfAnnS ⊆  i.e. ( )AAnnfAnnS = .Hence RAf prime≤)(   

 
4.4 Interrelation between Color modules and Goldie modules 
The following theorem deals with a module having ( )〈∞Mχ In this section we 
explore few ideas to convert a color module into a Goldie module where the so-called 
f-clique are of the type ,..,{ 21 xxC =  }..., nx with 0=• jfi xx  for all ji〈 . 
 
Theorem 4.4.1: Let M be a finite dimensional torsion- free module over a right sub- 
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commutative ring  R . Then M  is a right Goldie if it has no infinite f-clique. 
 
Proof: Since RM is a finite dimensional module. Now we consider one strictly 
ascending chain of right annihilators of subsets of M , say 

.....)()()( 321 ⊂⊂⊂ SrSrSr
fff MMM which is not stationary.  

 Let )(\)( 1−∈ iMiMi SrSrx
ff

, ,...3,2=i ( )iMi Srx
f

∈⇒ and )( 1−∉ iMi Srx
f

.Then 

0=• ifi xS and 01 ≠•− ifi xS  Consider the elements )(11 nnnfnn xfsxsy −− =•= ,
.2≥n Then we can show that 0=• jfi yy  for ji ≠ .[since M is torsion free ].Put 

nin yz −= .Then{ } 1=
∞

nnz  is an infinite f-clique, a contradiction which implies that M  
is right Goldie. 
 
Theorem 4.4.2: Let M  be module over a right sub- commutative ring R .If 〈∞)(Mχ  
then )(MT , the torsion set of M  is finite. 
 We know that a sub ring of a Goldie ring is always Goldie, but the same need not 
be true in case of its every homomorphic image and this leads to the notion of what is 
known as a fully Goldie ring [Jategaoenkar [15], Page4], as well as that of a fully 
Goldie module Chowdhury [4].It is seen that in case of the Z-module 6Z , 

ZZAnn 6)( 6 = and }4,2,0{=M  is a sub-module of 6Z  where ZAnnM 3= . 
 Thus 6Z  is not a prime module but the quotient module 5Z  is a prime module. 
And this motivates us to give the notion is a fully- prime module as follows. A prime 
module M  is fully- prime if every homomorphic image of it is again prime. The Z-
module pZ  clearly is an example of a fully-prime module. Through out the theorems 
given below we will consider M  is a fully- prime over a -prime sub-commutative ring
R .  
 
Theorem 4.4.3: Let RM  be torsion -free. If ( ) αχ 〈M then the zero module of M  is a 
finite intersection of prime Sub modules of M . 
 
Proof: Assume RM  be torsion –free and ( ) αχ 〈M .Then ( ) αχ 〈fM for any R -
homomorphism f . Clearly fM  is a reduced. By theorem 4.4.1 it follows that M  has 

the a.c.c on right annihilators of sub-modules of M  in R . Let ( )iR Sr , Ii∈  be the 
different maximal members of the family ( ){ }0| ≠SSrR  where sS i ' are prime sub-
modules of M . We claim I  is finite. Suppose not. Now IjiSfS ji ∈∀= ,0)( gives 

0=• jfi SS .Thus we will get an infinite f-clique of M , a contradiction. Hence claim. 

Now we claim }0{=∩ iS .Let ∩ iSs ∈≠ )0(  which gives iSs i∀∈ .Thus

}0{≠= iAnnSAnns  iSs i∀∈ .Thus }0{≠= iAnnSAnns .Let iAnnSAnnsr =∈≠ )0( . 
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Then 0=rs  which gives that 0=s , a contradiction. Thus }0{=∩ iS  

 
Corollary 4.4.4: Let M  be a torsion-free module over a right sub- commutative ring 
R  and ( ) αχ 〈M  then the torsion set )(MT  is a finite intersection of prime sub 
modules of M . 
 
Theorem 4.4.5: Let M  be a torsion-free finite dimensional module over a right sub -
commutative ring R . If ( ) αχ 〈M  then M  is a right Goldie module. 
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