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Abstract

In this paper, the equivalent conditions of distributive congruence lattice using
distributive, dually distributive, congruence homomorphism are established.
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Introduction

The concept of distributive congruence lattice was discussed by G. Grétzer and E.T.
Schmidt in 1958. The distributivity of congruence lattices of lattices has a number of
important consequences. B. Johnson [1967] discovered that many of these results hold
for arbitrary universal algebras with distributive congruence lattices. A few
definitions and results are listed that the equivalent conditions of the distributive
congruence lattice using distributive, dually distributive and detail are proved.

Definition: 2.1
A congruence lattice ConL of a lattice is distributive if and only if

Av(pry)=(Avé)ar(Avy), fordl ¢, in ConL and‘ A’ isan element of
congruence distributive.

Definition: 2.2
A congruence lattice ConL of a lattice is dualy distributive if and only if

An(pvy)=(Ang) v (Any), foral ¢,y in ConL and * A’ is an element of
dually congruence distributive.
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Definition: 2.3
A congruence homomorphism ¢ of the congruence lattice ConL, for al «, g in
ConL isthemap ¢: ConL — ConlL, isdefined by

(anp)p = ap A po
(avp)o =apv Po.

Theorem: 2.1
Let ConL be a congruence lattice in a latticeL and D denote the set of al

distributive congruence element of ConL . If o, fin D thena v S in D.

Pr oof
Let D bethe set of al distributive congruence element of ConL

Let «, fin D andlet ¢, w in ConlL

(avpB)v(gnrw)=avpv ()

av [,B % (¢/\l//)]

av [(Bve) A(Bvw)], (since "B" isdistributive)

= [av(Bve)] A [av(Bvy)], (since "a" isdistributive)
[(avﬂ)vq]ﬁ] /\[(avﬂ)vt//]

Therefore « v g in D

Theorem: 2.2
Let ConLbe a congruence lattice in a lattice L and D denote the set of al dually

distributive congruence element of ConL . If «, f in D then aAf in D.

Pr oof
Let D betheset of all dually distributive congruence element of ConL

Let «, fin D andlet ¢, w in ConlL
(anf)r(pvy)=anBr(pvy)

= an [ﬂ A (¢v1//):|

= anl[(Bnrg)v(Brwy)], (since” B"isdually distributive)
[a/\(ﬂ/\¢)] v [a/\(ﬂ/\w)], (sincer~ isdually distributive)
[(a/\ﬁ’)/\qzﬁ]v I:(Ol/\ﬂ)/\l//]

Therefore a A in D
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Theorem: 2.3
Let ConL be congruence lattice of a lattice L , then the following conditions on

ConL areequivaent:

1.
2.

Pr oof

ConL isadistributive congruence lattice.
Themap ¢:¢ > A vg,fordl ¢ in ConL isahomomorphism ConL onto

[4) for any element 4 of ConlL.
The binary relation ®,, on ConL defined by ¢ =y (O, ) if and only if

pvA=wvA,forsome A in ConL, where ¢, i in ConL such that ¢ <y
IS acongruence relation.

Let ConL becongruencelatticein alattice L.
Suppose (i) istrue, that is, ConL isadistributive congruence lattice.

Toprove (i): = (ii)
Let 1 beany element of ConL.
Definethemap ¢ : ConL — [4) by ¢(¢)=2 v¢,foral ¢ in ConlL

Toprove ¢ ishomomorphism
Claim: ¢ isoneto one

Let ¢, y in ConL.Then ¢(¢)=¢(v) = Avd=Avy =¢=y
Therefore ¢ isoneto one

Claim: ¢ isonto
Let A bedistributive then thereexists 4 in ConL suchthat u> 1

Therefore p(u) = Avu = p,since x> 1 Hence ¢ isonto

Claim: ¢ ishomomorphism
Let ¢ , w in ConL

Then p(¢) v o(w)=(Ave) v (Avy) =Av(¢vy) =9 (svy)
And p(¢) A @) =(AVvP)A(Avy)=AVv(dry)=0(sry).

Hence ¢ ishomomorphism

Toprove (i) = (iii)
Suppose (ii) is true, that is, the map ¢:¢ > A ve, for dl ¢ in ConL is a
homomorphism ConL onto [ 1)
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To prove: (iii)

That is to prove: The binary relation ©.,,, on ConL defined by ¢ =y (@COHL) if

andonlyif gpv A =wvA,forsome A in ConL iscongruencerelation.
Let A beany element of ConlL .

Definethemap ¢ : ConL — [1) by ¢(¢)=2 v¢,foral ¢ in ConL

Toprove: ® isreflexive.

ConL
Since ¢(¢) = p(y), foral ¢,y in ConL
By definition of ©,,,, ¢ = ¢(®cm) if and only if ¢(¢)=e(g), foral ¢ in
ConL

= ¢gvA=¢v A .Thus ©_  isreflexive.

ConL

Toprove © IS Ssymmetric.

ConL

Suppose ¢ = 1//(®ConL) ,forall ¢, in ConL then ¢(¢)=o(v)
= gvi=yvi = yvi=¢vi = o(v)=0(4) = v =9(Ocn.)

Thus ® IS Ssymmetric.

ConL

Toprove: O, istransitive.

Suppose ¢p<y <7, ¢ =y (Ogy ) ad, p=7(Ocy )foral ¢y, 7 in ConlL
then o(¢)=op(v) and p(v)=0p(7) > ¢gvi=ypvi ad yvi=nvi

= pvi=nvi = ¢o(¢)=0p(n) = ¢=1(Ocm)

Thus © istransitive.

ConL

To prove: Substitution property

Suppose ¢ = ¢; (O ) ad ¥ = v, (O, ), foral ¢,y in Conl
Then gvi=¢,viand yvi=y,vi= ¢(9) :gp(¢l) and (0(W)=(p(l//l)
Now o¢(dvy)=0(4)v o(w),(since "¢" ishomomorphism)
=(pvA)v(yva) =(gvA) v (viva)= o) v o(v,) =0(s v v,)
Therefore p(¢vy ) = (4, vy,)
Hence (¢Vl//) = (¢1V'//1)(®c:on|_)
And ¢(gAy)=0(4) A p(w), (since "p" is homomorphism)
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= (¢\//1) A (l//v/i) = (¢lvl) A (t//l\//l) = (p(¢l/\ l/ll)
Therefore p(gay) = (o(¢l/\z//l)

Hence (¢ Aw) = (41 Ay1)(Ocon )

Therefore O, satisfies the substitution property.

Hence ®.,,, isacongruence relation.

Toprove (iii) = (i)
Suppose (iii) is true, that is, The binary relation ®., on ConL defined by

=y (O, ) if and only if gvi=wva, for some 2 in ConL is congruence
relation.

Toprove: (i)
That isto prove: ConL isdistributive congruence lattice
Let ¢, w in ConL and A beadistributive element of ConL

Enough to prove: Av (¢ay)=(Avg)A(Avy), where 1 is a distributive
element .
Here @, isdefinedby ¢ = y (0, )

= (pAy)va=(¢vy),forsome A in ConL

= (pAy) v i, = (¢vy),forsome 4,< 2

= (pAw) v =(gvy),inparticular 1,= 1

= [gr(Ave)|v i = pv(Ave),where y =1V ¢
= (Avg)v 1 = (Avg),

Therefore ¢ = (4 v 4) (Ocm )

And ¢ = y (0g,, ) = (#rw) v A= (gvy),forsome 2 in ConL
= (¢ry)v A, = (¢vy),forsome 4,< 2

= (¢ay) vA =(pvy),inpaticular 1,= 1

= [(lvy/)/\l//]vl:(lvt//)vt//,where¢=/1vl//

= (Avy)v i = (Avy),

Therefore y = (A v 1) (O )
Therefore PAY = (l Vv ¢) N (ﬂ Vv l//) (®ConL)
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By the definition of ©,,, ,
Av [(gzﬁ/\t//)/\(/lvgzﬁ)/\(/lvw)] = (¢/\1//) v [(xlvgzﬁ)/\(/lvw)]
= Av (¢/\l//) =Av [(/1V¢)/\(lvl//)]

= AV (gap) = (AvP)A(Avy)
= A isdistributive congruence lattice.
Hence ConL isdistributive congruence lattice.
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