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Abstract

Let G be a non empty subset of a metric space (X, d), x € X and € > 0. An
element go € G is called an € - nearest point to x if d(x, go) <d(x ,G)+¢, where
d(x,G) =inf{d(x .g): g € G} . The set of all - nearest points to x in G is denoted
by Pg, ¢(X). For a non - empty bounded subset K of a metric space (X ,d) and
£>0, an element ko € K is called an - farthest point to x € X if d(x , ko) > 6(x ,
K) —e, Where §(x ,K)=sub{d(x, k): k € K}. The set of all ¢ - farthest points to
x in K is denoted by F k, (X) .The set- valued mapping Pc¢( Respectively F k)
which takes each element xe X to the set P +(X) (respectively F k¢ (X)) is called
€ -nearest(respectively e-farthest) point map. In this paper, we discuss the
continuity of these two maps. The underlying spaces are metric spaces.

For a non- empty subset G of a metric space (X,d) , x € X and £>0, we say that go € G
IS an & -approximation or good approximation to x if d(x, go) <d(x, g) + € forallge G
(for € = 0, such a go is a best approximation to x in G) . R.C. Buck [1] was the first to
introduce and discuss this notion in the theory of nearest points (best approximation).
Analogously, the notion of ¢ . farthest points was introduced and discussed by Narang
[4] in the theory of farthest points as under:

For a non -empty bounded subset K of a metric space (X ,d) , x € X and >0, we say
that ko € K is an € — farthest point to x if d(x, ko), > d(x, k)- ¢ forall k e K (for € =0,
such a ko is a farthest point to in x in K). The two notions of ¢ — approximation and
& —farthest point have been discussed in [1]- [15] and in references cited therein .
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In this paper we discuss the continuity of the two maps which take each element of the
space to the set of its € - nearest and ¢ - farthest points respectively. The underlying
spaces are metric spaces. We start with recalling few definitions and results needed in
this sequel.

Let G be a non - empty (K be a non- empty bounded) subset of a metric space (X, d), X
€ Xand £>0. An element go € G( ko € K) is called & —approximation or ¢ - nearest point
or good approximation (e - farthest point or nearly farthest point ) to x in G (in K) if d(x,
go) < d(x, G)+ & where d(x, G) = inf{d(x, g): g € G} (if d(x, ko) > &6(x, K)- £ where §(x,
K) =sup{d(x, k) : k € K}) . The set of - approximation to x in G (e farthest points to x
in K) is denoted by P 6. (X)( F k< (X)) i.e.

Pce(X) ={go € G:d(x.go) <d(x .G)+&}
F ke (X) = {ko € K : d(x.ko) > §(x .K)-¢}

Since elements of . approximation (e-farthest point) always exist for e >0, P ¢ (X)(F
k. (X)) is always a non-empty subset of G (of K) . The set G(K) is said to be

Q) g- proximinal (e -remotal ) if Pg«(X)( F k.¢(X)) is non-empty for each x € X .

(i) - uniquely proximinal (¢ — uniquely remotal ) if Pc ¢ (X)( F ¢ (X)) is a singelton
foreach xe X.

A sequence (g ) in G ((k,) in K) is said to be - minimizing (e- maximizing) sequence
for x if lim d(x.gn) <d(x, G) + € (lim d(x, kn) > (x,K)-¢).
n—oo n—oo

The set G(K) is said to be £- approximatively compact (e- nearly compact) if for each
X € X, each - minimizing (e- minimizing) sequence has a s ubsequence converging to
an element of G( of K).

The multi valued mapping P :(Fk:) Which takes each element x € X to the set Pg ¢ (X)(
Fk.e (X)) is called_e- nearest point map or_e- min projecti on or e- metric projection (-
farthest point map or &- max-projection or e- metric antiprojection) .

Remark: For £=0, we have the corresponding concepts in the theory of nearest
(farthest) points. Let (X ,d) and (Y ,d°) be two metric spaces and 2" denote the collection
of all bounded closed subsets of Y.

A multi-valued mapping f: X—2"is is called (see [14] p.386) upper semi- continous
(respectively lower semi continous) if the set

{xeX: f(x) c M}

is open for every open M < Y (respectively closed for every M c Y) or, what is
equivalent , if the set

{xeX: f(x) nN#0a0}
is closed for every closed N c Y (respectively open for every N cY)
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f is said to be upper (K) semi - continous (respectively lower (K) semi - continous )
(see [14], p. 388) if the relations lim Xn=X, yn € /Xn),n=1,2,...., lim yn =y imply y €
n—-oo n—-oo

f(x) (respectively, if the relations lim x n =X, y € f(x) imply the existence of a sequence
n—-oo
ynWith yn € f(Xn),n=1,2,... such that lim yn=Y).
n—->oo
It is well known (see [14], p.389) that every upper (lower) semi continous mapping is
upper (lower) (K) — semi- continous and, if Y is compact, then the converse is also valid.

Moreover, if £is single -valued, then the concepts of upper (lower) semi- continuity
and continuity coincide.

The following results on & -nearest points and - farthest points are known in metric
spaces.

(i) By the definition of d(x, G) (8(x, K)) elements of € — approximation (. farthest
point) always exist for every £>0 and so every non- empty set G (every non-empty
bounded set K) is always - proximinal (e- remotal) .

(i)  [12] Pge (X)( Fk (X)) is a bounded subset of X.
(iii) [12],[15] P « (X)( Fk (X)) is a closed subset of X if G(K) is a closed subset of X.
(iv) [12] Pc(x) is a compact subset of X if G is a boundedly compact subset of X.

(V) [13] Fk &(x) is a compact subset of X if K is a bounded closed & nearly compact
subset of X

(vi) [12] Pee(X) =G B [x,d (x,G )+ €], where B[x ,r] denotes closed ball with centre
x and radius r .

(vii) [13] Fke(X) = KN B(x, §(x ,K)-€)°, where B(x, r )° denotes complement of the
open ball with centre x and radius r.

(It was inadverntly written in [13] that Fk ¢(x) = K n B[x, §(x ,K )-£€]°)

(viii) [12]go € Pc «(x) ifand only if g€ B (x ,d (X, go)- )¢ for each g€ Gi.e. G n B(x,
d(x, go)- €)= 0.

(ix) [13] ko € Fk ¢(x) if and only if k € B[x ,d(x , ko)+ € ] for each k € K i.e. K n B[X,
d(x, ko)- €]°= 2.

The following theorem deals with the upper (K) — semi- continuity of the . nearest
point map.

Theorem 1. If G is an arbitrary closed subset of a metric space (X ,d) , then for any £>0,
the mapping P .: X —»2C is upper (K) - semi - continous , where 2€ is the collection of
all bounded closed subsets G.

Proof: By the definition, Pg¢(X)# @ for each x € X i.e. G is &- proximinal . Since G is
closed, P (X) is closed . Moreover, Pg «(X)is bounded and so Pg,: :X — 2°.
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Let (x,,)be a sequence in X such that lim X n= X, Yn € Pg¢(Xn),n =1,2,.., and limyn =Y.
n—-oo n—-oo

Consider
d(Xn, yn) < d(Xn, G) + &£
This gives

lim d(Xn, yn) < lim d (Xn ,G)+ &
n—oo n—oo

e,  dxy)<d(x,G)+e.

This implies that y € Pg «(X) , and hence Pg, is upper(K)- semi- continous.
Concerning the upper semi- continuity of the map Pg«(x), we have

Theorem 2. If G is an - approximatively compact closed subset of a metric space (X,d)
, then the &- projection map Pg, maps X into 2¢ and is upper semi- continous .

Proof: Let N be an arbitrary closed subset of G. We shall show that the set G
A= {x € X: Pg;: (X) " N# 0}

is a closed set. Let x be a limit point of A. Then there exists a sequence (x,,) in A such
that (x,) — X. Since xn € A, there exists yn € Pg:(xn) " N, n = 1,2,... i.e .d(Xn ,yn )
<d(xn,G)+ eandyn€ N, n=1,2,...

Consider

d(x ,yn) <d(x, Xn)+ d(Xn ,¥n)

<d(X, Xn)+ d(Xn ,G)+ &

<2d(x, xn)+ d(x ,G)+ ¢ 1)
Taking limit as n—oo, we obtain

rlli—{l;lod (X, yn) <d(x ,G)+ €.

Since G is e- approximatively compact, there exists a subsequence <y > of (yn> such

nj

that <yn.> -Yo € G, and so

d(x, yo) < d(X, y»)+ d(yx, Yo)
< 2d(X, Xu,)*d(X, G)*+ & +d(yn, yo) , by (1)
gives d(x, yo) < lim 2d(x, x,)+d(x, G)+ € i.e. d(x ,yo) <d(x, G)+e. Therefore yo € Pg +(x).
n—00
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Sincey, € N,<yn > —Yyoand Nisisclosed, yo € N and so, yo € Pc(X) » N. Consequently,

i

X € A and hence Pg is upper semi - continous.

Corollary 1: If G is an ¢ -approximatively compact, € -uniquely proximinal closed
subset of a metric, space (X, d) then the map Pg, .. X—G is continous.

Proof: Since G is e—uniquely proximinal, Pg, is single -valued and hence Pg, is
continous.

In the particular case when &= 0, we obtain

Corollary 2:

(i) (see [14], p.386) If G is an approximatively compact subset of a metric space (X,
d), then the metric— projection is upper— semi— continous .

(if) (see[14], p.390) If G is an approximatively compact Chebyshev subset of a metric
space (X, d), then the metric— projection Pg is continous.

Concerning the upper(K) —semi continuity of the ¢ —farthest map, we have

Theorem 3: Let K be a bounded closed subset of a metric space (X, d), then for any
£>0 the mapping Fk, :X =2 is upper(K) semi continuous .

Proof: By the definition, K is &- remotal i.e. the set Fk, «(x) # ¢ for every x € X. Since
K is closed and bounded, Fk. () is closed and bounded. So Fk . maps X into 2K,

Let (x,) be a sequence in X such that lim X, = X, yn € Fk, «(Xn) , n =1,2,... and limy, =
n—-oo n—oo

yi.e.

d(Xn, yn) = 8(xn, K)-eand (y ) >y

Therefore
lim d(Xn, yn) >lim 8(xn, K)- ¢and (y,_) >y, and so
n—->oo n—>oo
d(x, y) > 8(x, K)- €.
This gives y € Fk, (x) and hence Fk.e is upper(K) -semi -continous .

The following theorem deals with the upper semi- continuity of e—farthest point map.
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Theorem 4. Let K be a bounded ¢- nearly compact closed subset of a metric space (X,
d), then the € — antimetric projection map Fk,.: X -2% is upper semi- continous .

Proof: By the definition, K is &- remotal i.e. Fk, ; (X) # ¢ . Moreover, Fk. (X) is closed
as K is closed, and bounded as K is bounded and so Fk, . maps X into 2K .

Let W be an open subset of X and M = {z € X, Fk,(z) < W}. We claim that M is
open. Let (z,) be a sequence in X such that z»— zo, where zo € M. We show that
(z,) is eventually in M. Suppose it is not true, then there exists a subsequence (Zni) of
(z,) such that F «(z,,) N W° = ¢. Let y,, € Fre(zy,) N WE, then

d(Zni 1 yni) 28(21’1,: 1 K)- €
Since [d(zy,, , Yn,) - d(Z0, Y, )| < d(2y,, Z0), We obtain

d(ZO, yni) Z d(ZTli’ ynl-) - d(ZTli’ ZO)
> 6(2zn,, K)- &-d(zy,, 20)
and so lim d(zo, y,,,) = 8(20, K)- & 1)
n—-oo

i.e. <yn,-> is a maximizing sequence in K for zo.

Since K is &- nearly compact, (yni> has a subsequence <yn> —Yo € K. Then (1) implies

d(zo, Yo) = 8(z0, K)- €, Yo € Fk, «(20)

Since W€ is closed, yoe WE°. So yo € Fk.(zo) N WE. Therefore, zo ¢ M, a contradiction.
Hence is (z,) is eventually in M and hence M is open and consequently, Fk is upper
semi- continous.

Corollary 1: If K is a bouded e—nearly compact, e— uniquely remotal closed subset of
a metric space, (X, d), then e— farthest point map Fk, .: X— K is coninous.

Proof: Since K is - uniquely remotal, Fk . is single valued and hence coninous .

For the particular case = 0, we obtain

Corollary 2: [3]

(i) If K is a nearly compact set in a metric space (X, d), then the farthest point
mapping Fx maps X into 2€ and is upper semi- continous.

(i) If Kis a nearly compact uniquely remotal subset of a metric space (X, d), then the
farthest point map is continous.
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Future Directions

It will be interesting to discuss lower semi- continuity of e— nearest and e— farthest
point maps. As a counter part to the concept of e— approximation, the concept of e—
coapproximation can be defined as under (see [12] and references cited therein) :

For a subset G of a metric space (X,d) and €> 0 , an element goe G is called &-
coapproximation to xe X if d(go, 9) < d(x, g)+ € for all g € G. The set of all ¢-
coapproximations to x in G is denoted by Rg «(X).

The continuity of the map which takes each element x € X to its set of &-
coapproximation in G, remains to be investigated.

It may be remarked that the concepts of &- cofarthest points (d (ko, k) > d(x, k) - € for all
k € K) and so of co-farthest points (taking €=0) are not meaningful.
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