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Abstract

We study the constraint structure of antisymmetric tensor fields interacting

with non-Abelian vector fields using Dirac’s procedure, and it is shown that both

first class and second class constraints exist in the theory. The equations of mo-

tions and Dirac brackets of various fields are constructed using the second class

constraints.
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0.1 Introduction

Antisymmetric tensor fields [1] have come up in various areas of Physics, as mediating

fields in String theories, in discussions on Black Hole theory. Also, these fields have been

considered to play an important role in alternate mechanisms for generating masses for

gauge fields. Antisymmetric tensor fields are also the subject of duality mechanisms,

which explore their equivalences with other theories.

In this paper, we make a constraint analysis [2] of these interacting theories. We

begin with a brief discussion of the Abelian theory of antisymmetric tensor field [3]

interacting with a vector field. We next consider the non-Abelian theory [4], at its

constraint structure. The presence of second class constraints leads to defining and

construction of the Dirac brackets for the various field quantities.

1 Abelian Interaction Theory

The Abelian antisymmetric tensor field [3] Bµν interacting with a vector field Aµ is

described by the Lagrangian density,

L = −1

4
FµνF

µν +
1

12
HµνλH

µνλ +
m

4
εµνλσF

µνBλσ (1)

with Fµν = ∂µAν − ∂νAµ and Hµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν . This Lagrangian is

invariant under the separate gauge tranformations

Aµ −→ A′µ = Aµ + ∂µη and

Bµν −→ B′µν = Bµν + (∂µξν − ∂νξµ)

with η and ξµ as parameters of these transformations.
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1.1 Constraint structure of Abelian Theory

Using the Lagrangian above, the canonical momentum fields are πµ and πµν for the Aµ

and Bµν respectively. Then the canonical Hamiltonian is

Hc =
1

2
π1πi +

1

4
πijπij +

1

12
HijkHijk +

m2

4
BijBij +

1

4
FijFij −

m

2
εijkπiBjk

+ (∂iA0)πi −
1

2
(∂jB0i − ∂iB0j)πij −

m

2
εijkBoiFjk (2)

The constraints of this system are

π0 ≈ 0 π0i ≈ 0

−∂iπi ≈ 0 ∂jπij −
m

2
εijkFjk ≈ 0. (3)

The above constraints are all of the first class; these are the generators of the gauge

transformations given above. The theory can be handled further by standard methods

such as gauge fixing, followed by canonical quantisation of path integral methods.

It has also been shown that this Abelian interaction theory is equivalent to the Proca

model [5].

2 The non-Abelian Interaction Theory

The non - Abelian Antisymmetric tensor field [4] (Ba)µν interacting with vector field

(Aa)µ is described by,

L = −1

4
FaµνF

aµν +
1

12
HaµνλH

aµνλ +
m

4
εµνλσF

aµνBaλσ, (4)

where using the covariant derivative (Dµ)ab = ∂µδ
ab + gfacbAcµ, we have

(Fa)µν = (DµAν)a − (DνAµ)a

(Ha)µνλ = (DµBνλ)a + (DνBλµ)a + (DλBµν)a.

Here a, b, c are group indices, and µ, ν, λ = 0, 1, 2, 3 are Lorentz indices.
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The above Lagrangian is invariant under the gauge tranformations, Aaµ −→ A′aµ =

Aaµ + (Dµω)a and Ba
µν −→ B′aµν = Ba

µν + gfabcBb
µνω

c, with ωa the transformation param-

eters.

However, the Lagrangian is not invariant under

Baµν −→ B′aµν = Baµν + (Dµλν −Dνλµ)a.

This is unlike the Abelian case. This non-invariance is due to the non-Abelian nature

of the fields.

The equations of motion for the fields are,

(DνFµν)a =
m

6
εµνρσH

aντσ +
1

2
gfabcHbµνσB

cνσ

(DσHµνσ)a =
m

2
εµνρσF

aρσ (5)

2.1 Hamiltonian and Constraint Structure

In phase space, the canonical momentum fields πaµ and πaµν conjugate to the Aaµ and Baµν

respectively, are obtained from the Lagrangian in the standard way. Their fundamental

Poisson brackets are,{
Aaµ(~x), πbν(~y)

}
= δab δµ νδ(~x− ~y) (6)

{
Baµν(~x), πbρσ(~y)

}
= δab

(
δµρδ

ν
σ − δµσδνρ

)
δ(~x− ~y),

with all other Poisson brackets being zero. In the second line, the right hand side is due

to the antisymmetric nature of the tensor fields Baµν , πbρσ.

The primary field constraints obtained are,

πa0(~x) ≈ 0, πa0i(~x) ≈ 0 (i = 1, 2, 3). (7)

The canonical Hamiltonian, directly from the Lagrangian is,

Hc =
∫
d3x Hc =

∫
d3x

(
Ȧaµπaµ +

1

2
Ḃaµνπaµν − L

)

4
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=
∫
d3x

[
1

4
FaijFaij +

1

4
πaijπaij −

1

12
HaijkHaijk − Aa0

((
Diπi

)a
− gfabc

2
πbijB

cij

)

+ Ba0i

((
Djπij

)a
− m

2
εijkFajk

)
− 1

2

(
πai − m

2
εijkBajk

)(
πai −

m

2
εijkB

ajk
)]
.(8)

The secondary and tertiary constraints are obtained by requiring time independence

of already existing constraints with respect to the canonical Hamiltonian; we get,

Λa(~x) =
(
Diπi

)a
− gfabcπbijBcij ≈ 0

(Λa)i(~x) = −
(
Djπij

)a
− m

2
εijkFajk ≈ 0 (i = 1, 2, 3) (9)

(ψa)i(~x) =
1

2
gfabc(Fb)jk(Hc)ijk − gfabc(πb)ij

[
(πc)j − m

2
εjkl(Bc)kl

]
(~x) ≈ 0.

There are no more constraints. The full set of constraints are,

πa0(~x) ≈ 0

πa0i(~x) ≈ 0

Λa(~x) =
(
Diπi

)a
− gfabcπbijBcij ≈ 0 (10)

(Λa)i(~x) = −
(
Djπij

)a
− m

2
εijkFajk ≈ 0

(ψa)i(~x) =
1

2
gfabc(Fb)jk(Hc)ijk − gfabc(πb)ij

[
(πc)j − m

2
εjkl(Bc)kl

]
(~x) ≈ 0.

This set of constraints given earlier define a constraint surface Γ in the phase space.

Following Dirac’s procedure, we can classify all these constraints as below:

The Poisson brackets of the constraints πa0 ≈ 0, πa0i ≈ 0 with all the constraints

vanish. Among the remaining constraints we have,

{Λa(~x),Λb(~y)} = −gfabcΛcδ(~x−~y), {Λa(~x), ψbi (~y)} = gfabcψciδ(~x−~y)

{Λa(~x),Λbi(~y)} = gfabcΛciδ(~x− ~y)

{Λai(~x),Λbj(~y)} = 0,

5
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{Λai(~x), ψbj(~y)} = gfacdgf bce
[
(πd)ik(πe)jk +

δij
2

(Fd)kl(F
e)kl − (Fd)jk(F

e)ik
]
δ(~x−~y)

We see that πa0 , π
a
0i and Λa are of the first class and Λai and ψai are of the second

class. Further, the constraints ψai have non-zero Poisson bracket among themselves,

{
ψai(~x), ψbj(~y)

}
= g2facdf bedmεkmn(πf ) m

l (π′ g)n
(
δ k
i δ

l
j δ

efδcg − δ k
j δ

l
i δ

egδcf
)
δ(~x− ~y)

+g2facdf bef
[
gfdfg

2
(Bg)mnεeclεhkl(π

h)ij(F
k)mn

+ gfdfg
[
δ k
i δ

l
j δ

cc′δee
′
+ δ k

j δ
l
i δ

ce′δec
′]

(πc
′
)km(Fe

′
)mn(Bg)ln

+
[
(πc)im(~x)(Hf ) mn

j (~y)(Dden~x)− (πe)jm(~y)(Hd) mn
i (~x)(Dfcn~y)

]
+ gij

[
(Fe)mn(~y)(π′)dm(~x)(Dcfn~y)− (Fc)mn(~x)(π′)fm(~y)(Dden~x)

]
+εrkl

[
Femi (~y)εmjr(π

′ d)k(~x)(Dcfl~y )− Fcmj (~x)εmir(π
′ f )k(~y)(Ddel~x )

]]
δ(~x− ~y)

where (π′g)n =
[
πgn − m

2
εnpqBg

pq

]
In Dirac’s procedure, the total Hamiltonian includes a combination of all constraints,

HT = Hc +
∫
d3x

(
µa1π

a
0 + µai2π

a
0i + µa3Λ

a + µa4iΛ
ai + µai5ψ

a
i

)
, (11)

with the µa1, µ
ai
2 , µ

a
3, µ

a
4i, µ

ai
5 being the Lagrange multipliers. The multipliers µa4i, µ

ai
5

corresponding to the second class constraints can be determined (on the surface Γ)

µa4i(~x) ≈
∫
d3y(E−1)ab ji (~x, ~y){ψbj(~y),Hc} and µai5(~x) ≈ 0

The µa1, µ
ai
2, µ

ai
3 corresponding to the first class constraints, cannot be undetermined,

indicating the presence of gauge invariance in the theory. The Hamiltonian is,

HT = Hc +
∫
d3x

(
µa1π

a
0 + µai2π

a
0i + µa3Λ

a
)

+
∫
d3(x, y)(E−1)ab ji (~x, ~y)

{
ψbj(~y),Hc

}
Λai(~x) (12)

6
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2.2 Dirac Brackets

The presence of second class contraints in this theory indicates Dirac brackets can be

defined. To do so, we first rearrange all the second class constraints in the following way,

ξam(~x) ≡
(
Λai, ψai

)
(~x), i = 1, 2, 3. (13)

Then we construct the Poisson brackets,

(Aab)mn(~x, ~y) =
{
ξam(~x), ξbn(~y)

}
. (14)

from which we have a block-diagonal matrix A,

A =

 0 E

−E B


with the sub-matrices E and B given by

Eabij(~x, ~y) =
{

Λai(~x), ψbj(~y)
}

and Babiij(~x, ~y) =
{
ψai(~x), ψbj(~y)

}
The inverse of this A matrix is,

A−1 =

 E−1BE−1 − E−1

E−1 0

 (15)

The Dirac bracket for any two variables C and D is,

{C(~x),D(~y)}DB = {C(~x),D(~y)} −
∫
d3zd3z′ {C(~x), ξam(~z)} (A−1)ab mn(~z, ~z ′)

{
ξbn(~z ′),D(~y)

}
= {C(~x),D(~y)} −

∫
d3zd3z′

[{
C(~x),Λai(~z)

}
(E−1BE−1)abij

{
Λbj(~z ′),D(~y)

}
−
{
C(~x),Λai(~z)

}
(E−1)abij

{
(ψb)j(~z

′),D(~y)
}

+ {C(~x), ψai(~z)} (E−1)abij
{

Λbj(~z ′),D(~y)
}]

The non-zero Dirac Brackets are

{
Aa0(~x), πb0(~y)

}
DB

= δabδ(~x− ~y),

7
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{
Aai(~x), πbj(~y)

}
DB

= δabδijδ(~x− ~y) + gface(πe) i
k (~x)

[
gf bdf (πf )jl −mεjlm(Dbd~y )m

]
(A−1)cd kl(~x, ~y){

Aai(~x), (Bb)jk(~y)
}
DB

= − gface(πe)i l(~x)εjkmεmnp
[
(Dp~y)bd(A−1)cd ln

]
δ(~x− ~y){

Aa i(~x), (πb)jk(~y)
}
DB

= 0{
πai (~x), πbj(~y)

}
DB

= [gfaceπeik −mεikp(Dac~x )p](gf bdhπhjl −mεjlm(Dbd~y )m)(A−1BA−1)cd kl

−[gfdgh(Dbg~y )m +
1

2
g2fdghf bhTBT

[mn(~y)δl]j(A−1)cd lk]δ(~x− ~y)

−[gfaef (Dae~y )pHf
ikp(~y)− 1

2
g2f ceffafhBh

[pq(~x)δk]i]

[gf bdgπgjl(~y)−mεjlm(Dbd~y )m](A−1)cd klδ(~x− ~y){
Baoi(~x), πb0j(~y)

}
DB

= δabδijδ(~x− ~y){
Baij(~x), πbkl(~y)

}
DB

= δab
(
δikδ

j
l − δilδ

j
k

)
δ(~x− ~y)

+εijrεrmp(Dac~x )p[
1

2
gfdeh(Dbh~y )[nεrs]tεtklF

e
rs(~y(A−1)cdmn

−mgf bdeεtkl(A−1)cdmn πent(~y)]δ(~x− ~y)

{
Baij(~x),Bbmn(~y)

}
DB

= εijkεkpqε
mnlεlrs

[(
Dbd~y

)r
(Dac~x )p

(
A−1BA−1

)cd qs
(~x, ~y)

+(Dbd~y )r(Dac~x )p(A−1)cd qs

+gface
(
πep − m

2
εptuBetu

)
(~x)

(
Dbd~y

)r (
A−1

)cd qs]
{
πai(~x),Bb jk(~y)

}
DB

= εjkrεrnq [gfaceπeim(~x)−mεimp(Dac~x )p]{
(Dbd~y )q

(
A−1BA−1

)cd mn
+ (A−1)cd mngf bdh(π′ h)q~y

}
+εjkrεrnqgf

cgh(Dag~x )p
{

(Hh)imp(~x)(Dbd~y )q(A−1)cd mn(~x, ~y)
}

+
1

2
εjkrεrnqgf

cghgfaheF g
rs δ

[m
i (Be)rs](Dbd~y )q(E−1)cd mn(~x, ~y)

All other Dirac brackets are Zero.

These Dirac brackets replace the corresponding Poisson brackets in variou calcula-

tions, so that the second class constraints are no longer considered. For quantisation, the

Dirac brackets are considered to be taken over to be commutators, so that the quantised

theory also has no second class constraint operators.

8
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3 Conclusion

We have considered two interacting systems, one involving Abelian fields, and the other

with non-Abelian fields. Both theories display gauge invariance, implying the presence

of first class constraints. But the constraint structure of the non-Abelian theory is

more complicated. Second class constraints are also present. These are removed by

constructing Dirac brackets, which here are found to have complicated expressions. The

resulting quantum theory is also expected to be complicated. One possible way to avoid

this is to convert the second class constraints into first class constraints. This may result

in an enlarged gauge symmetry in the theory. Work is proceeding in this direction.
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