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Abstract

The aim of this manuscript is to establish some common fixed point theorems
for four weakly compatible self-mappings P,Q,$ and T in a complete metric
space (M, d*) satisfying the generalized (¢, ) — weak contraction condition.
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1. INTRODUCTION

The theory of the fixed points is one of the most powerful tools of modern
mathematics. It is a beautiful mixture of analysis, topology and geometry. Theorems
concerning the existence and properties of fixed points are known as the fixedpoint
theorems. Fixed point theorems have been applied in such fields as mathematics,
engineering physics, economics, game theory, biology and chemistry etc.

Let X be any non empty set. Amap f : X — X is said to have a fixed point x € X if
f(x) = x. Fixed points appear in various branches of mathematics and play a key role
in proving some crucial results.

For example: Let f (x) = x2, To find the fixed points, put f(x) = x, i.e.,, x? = x.
Clearly, 0 and 1 are the fixed points of f(x ) = x2.
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2. PRELIMANIRIES

Definition 2.1. A coincidence point of a pair of self —maps P,Q : M — M is a point
u € M for which Pu = Qu.

A common fixed point of a pair of self - mappings- P,Q : M — M is a point u € M
for which Pu = Qu = p.

In 1996, Jungck [2] introduced the concept of weakly compatible mappings to study
common fixed point theorems:

Definition 2.2. Let (M, d*) be a metric space. A pair of self —maps P,Q : M —» M is
weakly compatible if they commute at their coincidence points, that is, if there exists
u € M such that PQu = QPu, where p is coincidence point of P and Q.

Definition 2.3.(Altering distance function)[5] A function y: [0, ) — [0, ) is called
an altering function if it satisfied the following conditions:

a) 1 is monotonic increasing and continuous function.
b) ¥(t) =0ifandonlyift = 0.

In 2015, Murthy et al. proved a common fixed point theorem for two pairs of self-
maps in complete metric space with (¢, ) — weak contraction condition.

The main purpose of this paper is to establish a few common fixed point theorems by
generalizing the result of Murthy ez al. [7] for two pairs of self-maps P, Q,$ and T in
complete metric space (M, d™) with generalized (¢, 1) — weak contraction condition

¥ (a4 (P, Qv)) < (81 v)) — B (821, v)),
forall w,v in M with u # v,
where

8y (1,v) = max {d* (Su, Tv), d* (S, Pu), d* (Qu, Tv), 2 [d* (S, Pu) + d* (T, Qv),

- . [1+d*(SuTv)+d* Qv P
d*(Pu.Su)[ (AM AU) (v Am}
1+ d*(Pu,Su) + d*(Tv, Qu)
and

Ay (u,v) = min {d* (S, Tv),d* (Sw Pu), d* (Qu, Tu),% [d*(Sw Pu) + d*(Tv,Qu)],

. [14+d*(Su,Tv) +d*(Quv, P
d*(Pu,Su)[ (AH Av) (v AM)}
1+d*(Pu, Su) + d*(Tv, Qu)
3. MAIN RESULTS

Theorem 3.1. Let (M,d™) be a complete metric space and let P, (,$ and T be self-
maps on M satisfying the followings:

(3.1) PM c TM,QM < SM;
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(3.2) (P,$) and (Q, T) are weakly compatible;

(33) ¥ (d* (P Qv)) < W(8: (V) — B(B2 (1)),
forall w,vin M with u # v,
where

Ay (p,v) = max{d* (S, Tv),d* (Sw, Pu), d*(Qu, TU),% [d* (Sw, Pu) + d*(Tv, Qu)],

1+d*(Su, Tv) +d*(Qu, Pw) }

d*(Pu,S ——— ———
(P Sw) [1+d+(P,u,S,u)+d+(Tv,Qv)
and

A A SO B oA
Ay (u,v) = min{d* (S, Tv),d* (Su, Pp), d* (Qu, Tu),E [d*(Sw, Pu) + d* (Tv, Qu)),

. . _[1+a*(SyTv)+d*(Quv,P
d+(PM;SM)[ (AM . ) (? 2 }
1+ d*(Pu,Su) + d+(Tv, Qu)
forall u,v in M.

(3.4) ¢:[0,00) — [0,0) is such that ¢(t) > 0 which is lower semi — continuous for
all

t > 0,and ¢ is discontinuous at t = 0 with t(0) = 0,
(3.5) ¥: [0,0) = [0, ) is an altering function.
Then P, Q, S and T have a unique common fixed point in M.

Proof: Let u, € M be an arbitrary point of M. From (3.1), since PM < TM and
QM < SM, we can construct two sequences {u,,} and{v,} in M as follows:

Uont+1 = pllzn = T:“Zn+1, Uont2 = Q#2n+1 = ~§ll2n+2’ (3.6)
forall n € N U {0}.
Now, we define d*, = d* (v, v,4,) foreachn € N.

On putting, u = py, and v = Uy, i (3.3) and using (3.6), we get
Y (d+(pﬂ2n' Q#2n+1)> = l/J(dJr(U2n+1,U2n+2))

Yd ns < I/’(A1(#2n' .Uzn+1)) - (b(Az (/'[Znuu2n+1))' (3.7)
where

Ay (Uan, Hons1) = max{d+ (S#Zn: T“2n+1)' a* (SHan P.”Zn)' a* (T#2n+1' Q#2n+1)'

1 A ~ N ~
5 [d+(5#2n' P.Uzn) +d* (Tuzns1s Q.U2n+1)];
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5. 6 1+d*(Spon, T +d* (Qpanss, P
d* (Pitan, Stizn) (P‘Zn “2n+1) (QU2n+1, Plizn) }

1+ d*(Pugn, Stizn) + d* (Tuzns1, Qliznst)
= max{d+(vzn,U2n+1)» d+(U2n,U2n+1): d+(U2n+1,U2n+2),

1

=[d* (vanvans1) + d¥ (Vans1,Vans2)]

2
1+ d*(vanVzne1) + d+(U2n+Z,U2n+1)}

1+ d+(U2n+1,U2n) + d* (V2n+1,V2n+2)

d+ (v2n+1,U2n)

1 14+d ,,+d¥on
max {d+2n: d*on d¥ one1s E[d+2n +d¥ on44] . =

rd+2n

1+d*y, +dron
= max {d*n, d" n41}-
If d+2n < d+2n+1r

Ay (“an “2n+1) = d+2n+1-
And

Ay (Uan) Uant1) = min {d+2n: d+2n+1}-

Ay (Uan, Man+1) = d oy
Y (d+(ﬁu2n, Qﬂ2n+1)) = w(d+(U2n+1:U2n+2))

Y(dFan1) < ¢(A1(#2n: .U2n+1)) - ¢(A2 (#Zn'#2n+1))' (3.8)
<P 5n,0),
a contradiction since ¢(t) > 0 when t > 0.
Hence, d*,,11<d* 5, = A1 (Uyn, tansq) forall nin N,
Similarly,
d* pn<d" 3n_1 = Ay (Uzn, Pon-1) forall ninN,

which implies that

d¥ns1<d™n,d" 2n = A (Hon Hon+1), A ¥ one1 = A1 (Uon, Han—1),

which implies that { d*(v,p, V2n41)} IS Monotonic decreasing sequence bounded
below and there exists a constant k such that,

lim d+(U2n, U2n+1) =k = 0. (39)
n—->oo

Now, by equation (3.8) and using (3.9), we get
711_{{)10 ¢(d+(U2n+1’ Uzn42)) < Tll_r)gol/’(A1 (HZn,H2n+1)) - ¢(A2(M2n' H2n+1)).

< limp(d* Wzn Vzns)) — lim p(0), (3.10)
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using the discontinuity of ¢p(t) at t = 0 and equation (3.9), we observe that right hand
side of equation (3.10) is non zero. Therefore, we get

k) <y(k),

a contradiction. Hence, we have
llm d+(U2n, U2n+1) = O. (311)
n—-oo

Now, we prove that {v,}is a Cauchy sequence. For this, it is sufficient to show that
{v,, }is a Cauchy sequence. On contrary basis, let, if possible {v,,} is not a Cauchy
sequence. Then, there exists e >0 and n, m >0 with 2n(a) > 2m(a) > 2a
satisfying

d+(v2m(a),v2n(a)) > ¢ foralla €N (3.12)
where 2n(a) is the least integer exceeding 2m(«) satisfying (3.12). It follows that

d* (Vam(a) Van()-1) < € forall @ € N. (3.13)
Now, using (3.12) and triangular inequality, we obtain the following:

€< d+(U2m(a)JU2n(a)):

< d+(U2m(a)'U2n(a)—1) + d+(U2n(a)—1: UZn(a))r (3.14)
taking limit as & — oo, we get
lim d* (Vam(ay Van(w) = € (3.15)

Again for all «, we have
d+(v2m(a)—1'v2n(a)—1) = d+(v2m(a)lv2m(a)—1) + d+(v2m(a)'U2n(a))
+ d* (Van(@ -1, Van(@) )
d* (Vam(ay Van@) S 4F(Vam(@) Vam@-1) + ¥ (Vam(@) -1, Van(a)-1)

+ d+(U2n(a)—1rU2n(a))-
On letting @ — oo and using (3.11) — (3.15), we get

1im d*(Vzm(@)-1 Vzn@-1) = €. (3.16)
Again for all «, we have

d+(U2m(a)—1'U2n(a)) = d+(U2m(a)—1'U2m(a)) + d+(U2m(a)'U2n(a))'

d* (Vam(ay Van@) < d* (Vamia) Vam@-1) + 4 (Vam@)-1, Van(a))-
On letting @ — oo and using (3.11) — (3.16), we get

cli—r};lo d+(U2m(a)—1:U2n(a)) = E. (317)



12 Reena, Balbir Singh

Again for all «, we have
d+(U2n(a)—1’U2m(a)) = d+(U2n(a)—1'U2n(a)) + d+(v2n(a)'U2m(a))'
d* (Vanay Vam@) < 4*(Van(@) Van@)-1) + 4* (Van(@)-1 V2m@)-
On letting @ — oo and using (3.11) — (3.17), we get
lim d*(vzn(e) -1, Vam@) = € (3.18)

Now, on putting 4 = Uam(a)—1 aNd U = Uyp(e)—1 I (3.3), we obtain that
1/) (d+(ﬁUZm(a)—1r GMZn(a)—l))
=y (d+(U2m(a)r UZn(a)))

<y (Al(,uZm(a)—l:.UZn(a)—l)) - ¢ (AZ(.uZm(a)—I'HZn(a)—l))l (3.19)
where
A1(#2m(a)—1:#2n(a)—1) = max{d+(§#2m(a)—1'T.“Zn(o:)—l)rd+(§M2m(a)—1pr2m(a)—1):
a* (T#Zn(a)—p Q#Zn(a)—l)r
%[d+(§#2m(0{)—1: P#Zm(a)—l) + d+(@#2n(a)—1; T.“Zn(af)—l)]f
1+ d+(§#2m(a)—1'T#2n(a)—1) + d+(@.u2n(a')—1'p#2m(a)—1)
1+ d*(Stzm@)-1 Pram@-1) + d* (Thzna)-1, Q.uZn(a)—l)]}.
= max{d* (Vam(a)-1,V2n(@)-1), 4" (Vam(a)-1,V2m@);

1+ d+(U2m(a)—1,U2n(a)—1) + d+(U2n(a),U2m(a))}
1+ d+(U2m(a)—1,U2m(a)) + d+(U2n(a)—1,U2n(a))

a* (g.uZm(a)—l' p/"Zm(a)—l) [

a* (UZm(a)—l,UZm(a))

1
= max {e, 0, O’E[O + 0],0 }

=€asa — 0,

And

Az(ﬂzm(a)—1:#2n(a)—1) =0,as a — oo.
Now, from (3.19), we have

Olli_r}go Y (d+ (UZm(a): UZn(a))) = 611_1;{}01/) (Al (.uZm(a)—l' .u2n(a)—1))

—lim ¢ (AZ (.uZm(a)—ll ,uZn(a)—l))’

a—oo

l/)(é‘) < lp(E) - Cll_)nc}od) (AZ(.“Zm(a)—l' HZn(a)—l))-

Using discontinuity of ¢ at t = 0 and ¢(t) > 0 for t > 0, we observe that the last
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term on the right-hand side is non-zero. Thus we arrive at a contradiction.
Hence {v, } is a Cauchy sequence.

Since (M, d*) is complete metric space, therefore, the Cauchy sequence {v,} is a
convergent sequence and it converges to a point z,(say) in M.

Consequently, the subsequences also converge to z, in M:
Puzy = 2, Tlzner = Zo,QH2n+1 =2z, and  Spy, = 2.
Now, we shall prove that z, is the common fixed point of P, 9, S and T.
SincePM < TM,QM < SM, there exists v, € M, such that z, = Sv, and z, = Tv,.
Let d*(z,, Pv,) # 0.On putting, p = v, and v = py,41 i (3.3), we have

Y (d"'(pvo, Qﬂ2n+1)) < ¢(A1(vo»l12n+1)) - ‘{b(Az (vo'ﬂ2n+1)): (3.20)
where

A1 (170, /12n+1) = max{d+('§vo: 7"\'MZn+1): d+(§vo' pvo)' d+(T:u2n+1' Q“2n+1)'

1 A A N ~
2 [d+(Svo, on) +d* (Tuzns1, Q.U2n+1)]r

A ~ 14+d*(Sv,, T +d* (0 Py,
d+(5UO,PUO)[ +(A o Aﬂzn+1)+ ‘ (Qll2nA+1 o) }
1+d% (Svo,Pvo)+d* (Tlzn+1,QH2n+1)

Now, taking limit as n — oo, we get

~ 1 ~
1im Ay (Vo ttgnen) = max {d* (2.20), 4" (2, Poo), 4 (20,2, 5 4 (P, 25) + 4* (2, 7)),

. 1+d+z.,z +d*(Pv,,z
d+(PU0,ZO) (Zo,20) (P, o)}

1+ d+(ﬁvo,zo) +d*(z,,2,)
= max [0, 4* (20, P0,), 0,5 8* (20, Pv,), d* (20, P,
= d*(z,, Pv,).
And
1%1_{120 Ay (Vo, Han+1) = 0.
Now, from (3.20), we obtain

Ai_{lgoll) (d*’(ﬁvo, QM2n+1)) < rlli_{lgow(Al (Vo'H2n+1)) - 7111_{1(}0(15@2 (vo'#2n+1)):

¥ (a4 (Pvoz,)) <9 (d* (20, Pvo)) = 1im ¢(82 (W, izns1)),

Using discontinuity of ¢ at t = 0 and ¢(t) > 0 for t > 0. We observe that the last
term on the right-hand side of above inequality is non-zero. Therefore, we obtain

W (a*(Pvo,2,)) < (d* (20, Pv,) ).
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Hence we reach at a contradiction with i function.
Therefore,d*(Pv,, z,) = 0, this implies that Pv, = z, = Sv,.

Since (P, $) is weakly compatible pair of maps, so it commutes at their coincidence
point v,.

i.e., PSv, = SPv, this impliesPz, = Sz,.
Now, we shall prove that Pz, = Sz, = z,.
On putting 4 = z, and v = 44 in (3.3), we have
Y (d+(ﬁzo, OHZnH)) = l/J(A1(Zo»112n+1)) - ¢(A2 (Zor.u2n+1))' (3.21)
where
84 (2o tans1) = max{d* (Szo, Thtonss ), d* (S20, P2), d* (Thtzns, Qbtzns ),

1 N . ~
2 [d+(SZo'PZo) +d* (Tuzn+1, QH2n+1)];

1+ d+(§zo: 7’:‘l'lZn+1) + d+(@ﬂ2n+1'pzo) }
1+ d+(§Zo' ﬁzo) + d+(TM2n+1' Q#2n+1)
Now, taking limit as n - oo, we get

d*(Sz,,Pz,) [

lim A, (z 0’ /"2n+1) = max {d+(§zo;zo); d+(§zo; SAZO); d+(Zm Zo)’l [d+(SAZo:§Zo) + d+(Z01 Zo)]:
n—-oo 2

1+dt (§ZO,ZO)+d+(on,ZO)}
1+d+(8zy,Pz0)+d* (20,20))

d*(Sz,, Pv,)

= max{d+(.§zo, Zo), 0,0,0,0 } = d+(§zo,zo).
And
lim A3(Zo, Han+1) = 0.
From (3.21), we obtain
lim  (d* (P2, Qtizns1)) < im (A1 (Zo, tiznsn)) = lim (8 (Zo, Hzns1)),

¥ (d*($20:2)) < (d*(8201%) ) = lim (82 (v, Hzns1)),

Using discontinuity of ¢ at t = 0 and ¢(t) > 0 for t > 0. We observe that the last
term on the right-hand side of above inequality is non-zero. Therefore, we obtain

Y (d*($20,2,)) < ¥ (d* (820,2,) ).
Hence we reach at a contradiction with iy function.

Therefore d*(Sz,,2,) = 0, this implies that Pz, = z, = Sz,. Similarly, we can
show that Tz, = z, = Qz,.

Hence Pz, = Sz, = Qz, = Tz, = z,.
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This implies that z, is the common fixed point of P,Q,$ and T.
Now, we shall show that z, is the unique common fixed point of P, Q, S and T.
Let z, be the another fixed point of P,Q,S and T such that z, # z,.

On putting 4 = z, and v = z; in (3.3), we have
¥ (d* (P25, 021)) <¥(81(20,20)) = B(82(Z0, 7)), (3.22)
lP(d+(ZO,Z1)) =< l/)(d+(ZO,Z1)) - ¢(d+(zo'zl));

A contradiction. Hence d*(z,,z,) = 0, this implies, z, = z,. Hence P,(Q,S and T
have unique fixed point in M. This completes the proof of the theorem.

Note: When we take T = § = I identity map, we get the following theorem.

Theorem 3.2. Let (M, d*) be a complete metric space and let P, Q be self-maps on M
satisfying the followings:

(3:23) 9 (d*(Pu, Qv)) < (Ay (1, v)) — b (B2 (1, v)),
forall y,v in M with u # v,
where

Ay (u,v) = max {d* (u,v), d* (i, Pp), d* (Qu,v), 5 [d* (, Pre) + d* (v, Qv)],

1+d*(uv) +d*(Qu, P,u)l}
1+ d+(ﬁ,u, ,u) + d* (v, Qv)

d*(Pu, 1) [
and
Ay (w,v) = min {d*(u,v),d* (u Pp), d+((§v,v),% [d*(w Pp) + d* (v, Qu)],

1+d*(u,v) +d*(Qu, ﬁ,u)l}
1+d*(Pu,p) +d*(v,Qu)])

forall u,v in M.

d*(Pu, 1) [

(3.24) ¢: [0, 00) — [0, ) is such that ¢(t) > 0 which is lower semi — continuous for
all

t > 0, and ¢ is discontinuous at t = 0 with t(0) = 0,
(3.25) ¥: [0, 0) — [0, o) is an altering distance function.
Then P, Q have a unique common fixed point in M.

Note: When we take y(t) = t in Theorem 3.1 and Theorem 3.2, we get the following
corrolaries.
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Corollary 3.3. Let (M, d*) be a complete metric space and let P,Q,$ and T be self-
maps on M satisfying the followings:

(3.26) PM € TM,QM < SM;

(3.27) (P, $) and (Q, T) are weakly compatible;
(3.28)a*(Pu, Qu) < A1 (,v) — A, (1, v),
forall u,v in M with u + v,

where

Ay (p,v) = max{d* (Su, Tv),d* (Sw, Pu), d*(Qu, TU),% [d* (Sw, Pu) + d*(Tv, Qu)],

1+ d+(§y, T"v) +d*(Qv, Pu) }

d*(Pu, S i —
(P51 [1+d+(PM,Sy)+d+(Tv,Qv)
and

A, (u,v) = min{d+(.§y, ’fv), d+(.§y, ﬁ/,t), d+(Ov, T"v),% [d+(§u, ﬁ,u) +d*(Tv, Qv)],

. _[1+a*(Su,Tv)+d*(Qv, P
d+(PM;SM)[ G Av) (v, 70) }
1+ d*(Pu,Su) + d+(Tv, Qu)
for all u,v in M.

(3.29) ¢: [0, 00) — [0, ) is such that ¢(t) > 0 which is lower semi — continuous for
all

t > 0, and ¢ is discontinuous at t = 0 with t(0) = 0,
Then P, Q, S and T have a unique common fixed point in M.

Corollary 3.4 Let (M,d*) be a complete metric space and let P, Q be self-maps on M
satisfying the followings:

(330) d+(P.ur @U) = Al(.u' V) - ¢A2 (,L[, V):
forall w,vin M withu # v,
where
~ ~ 1 ~ ~
A (u,v) = max{d*(u,v), d+(y, Py), d+(Qv,v),§ [d*’(u, P,u) +d* (v, Qv)],

1+d*(uv) +d*(Qu, Pp) }
1+ d+(Pu,p) +d*(v,Qu)

d* (Pu, ) [
and
~ ~ 1 ~ ~
Ay (u,v) = min{d*(u,v),d* (u, Pr),d*(Qu, U)'E [d*(w Pu) + d* (v, Qu)],

1+d*(u,v) +d*(Qu, Pu) }
1+ d+(13y, /1) +d*t(,0v)])

d*(Pu, ) [
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forall u,v in M.

(3.31) ¢: [0, 00) — [0, 00) is such that ¢(t) > 0 which is lower semi — continuous for
all

t > 0, and ¢ is discontinuous at t = 0 with t(0) = 0,
Then P, Q have a unique common fixed point in M.

Example 3.4. LetP, Q,S and The self - mappings on M. M = [0, 1] be endowed with
the Euclidean metric d*(u,v) = |u — v| for all g, v in M. Let P, Q, S and Tare defined

by

~ 0 if u=20

Q#:{E’ lf ,LL>O,
4

~ 0 if u=0

P'u:{ﬁ, if wu>0,
8

R 0 if u=0

TM:«E, Lf ’u>0'
2

-~ (0 if u=0

SE= 1k if u>0

Y() =3, ¢() =S foralltinR

Clearly, PM = [o, %] c [o, %] =TM and OM [0, ﬂ c [0,1] = $M, implies that (3.1)
is satisfied.
Since PS(0) = SP(0) = 0, implies that the pair (P, S) is weakly compatible and
QT(0) = TQ(0) = 0, implies that the pair (Q, T) is weakly compatible.
Now, we check condition (3.3) for the following cases:
Casel.lfu=0andv = 0.
W (d*(PuQv)) = p(|Pu— Qv|) = p(0) = 0.

Also

(A (1, v)) = ¥(0) =0,

¢(82(n,v)) = $(0) = 0.
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Hence

P (d* (P, Qv)) = P(8: () — B (82 (1, ).
Clearly, inequality (3.4) holds.
Case 2. If u=0,v #0.

p(a*(Pu,0v)) = p(1Pu— ov]) = (o-3]) =2
And

Ay (p,v) = max{d* (Su, Tv),d* (Sw, Pu), d*(Qu, TU),% [d* (Sw, Pu) + d*(Tv, Qu)],

1+d*(Su, Tv) + d*(Qu, Pu) }

d*(Pu, S T ———
P S) [1+d+(P,u,Su)+d+(Tv,Qv)

L1 ~ . ~
Tv|,—[|Su - Pu| + |Tv -

|[1+ |Su— Tv|+ |Qv — Py
1+ |Pu— Sul+|Tv— Qv|

= max{2 0, 1,5,0}.

E.
And
A, (u,v) = 0.
Hence
lp(Al(Ml 17)) - ¢(A2(u, 1])) = (’b (;) —

Hence inequality (3.3) satisfied

Vv
| <
VN
QU
+
N
)
=
Q
<
N—r
N—

Case3.If u#0,v=0.
¥ (a*(Pu,@v)) = w(|Pu— V) =w(f5-0f) = %
And
Ay (, v) = max{d*(Su, Tv), d* (S, Pr), d*(Ov, Tu),% [d* (S By) + d* (Tv, Q)]

1+d*(Su, Tv) +d*(Qu, Pu) }
1+d*(Pp Sp) +d*(Tv,Qu)

d*(Pu,Sw) [

R A A L1 o N ~
= max{|S;1— Tv|, |S,u— Py|, |Qv— Tv|,§[|5y— Pu| + |Tv — Qv|],
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A . 1+ |Su— Tv|+|0v— Pu
- s S Tv]+ Qv — Pu
+|Pu— S,u|+|Tv— Qv|
_ 7u 0 7u 7u (8 +9u
_max{“'?’ 'E’?(8+7y>}'
= U.
And
AZ(H,U) = 0.
Hence

ll)(Al(,U, 17)) - d)(AZ(.u' 17)) ll}(,ll) 0=
Hence inequality (3.3) satisfied

NI"‘;

g =1 (d+(13,u, QV))

Cased. If u#0,v #0.

p(a*(Pr.0v)) = w(lPu— V) = w (|5 -3]) = =3

And
A A ~ o~ 1 A A
A (u,v) = max{d+(5u, Tv), d+(S/,t, P,u), d+(Qv, TU)’E [d+(S,u, P,u)
+d*(Tv, Qu)],

1+d*(Su, Tv) + d*(Qu, 13;1)]}
1+ d*(Pu,Su) + d*(Tv, Qu)

d+(ﬁu,§ﬂ)l

A A A . ~ L 1. " . ~
= max{|S,u— Tv|,|Su— P,u|,|Qv— Tv|,§[|5u— P,u| + |Tv— Qv|],

. 1+ [Su— Tv|+|0v- P
|P'u_S'u|l1 |Al1 Al |A Al‘l
+ |P,u— S,u| + |Tv— Qv|
_ v 7uv7,u v7,u 44+ 2u—v
_max{|“_§| 82’16 8 4 3= 7,u+2v}

One can easily check that

W (a+ (P, Qv)) < (81 (1) — $(B2(1, V),
forall y,vin M = [0, 1] with u # v.

Hence inequality (3.3) holds for all the cases. Hence all the conditions of Theorem 3.1
hold. Therefore, P, Q,S and T have unique common fixed point at u = 0 in M.
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CONCLUSION

In this paper, some common fixed point theorems for four weakly compatible self-
maps satisfying the generalized (¢,y) — weak contraction condition in a complete
metric space are proved. Some corollaries are also given by reducing the four maps
into two maps.
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