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Abstract

Some results regarding common fixed point theorems in intuitionistic fuzzy
metric spaces are proved here in this paper. Our main result generalizes the
outcomes of Turkoglu et al. [10] and other results which were proved in
intuitionistic fuzzy metric spaces.
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INTRODUCTION

Park [7] defined intuitionistic metric space by using intuitionistic fuzzy set presented
by Atanassov [3]. Manro et al. [6] established a common fixed point theorem for —
chainable intuitionistic fuzzy metric spaces for weakly compatible maps. Samanta and
Mohinta [8] defined (g, A) IF- uniformly locally contractive maps and proved that
such maps possess a fixed point. lonescu et al. [5] found some contractions in
intuitionistic fuzzy metric spaces and proved fixed point results for these contraction
classes. Chauhan et al. [4] produced common fixed point theorems for weakly
compatible maps in modified intuitionistic fuzzy metric spaces satisfying ¢
contractive conditions.

Schweizer and Sklar [9] is referred in our paper for the definition of a binary
operation * as continuous t-norm and another binary operation ¢ as continuous t-
conorm. Alaca et al. [2] is used as a reference in our paper for the definition of
intuitionistic fuzzy metric space, Cauchy sequence and completeness of a sequence in
this space. Turkoglu et al. [10] defined weakly commuting and R-weakly commuting
mappings in intuitionistic fuzzy metric space which are as follows:
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Definition 1. [10] Let A and B be mappings from an intuitionistic fuzzy metric space
(X, M, N, *, 0) into itself. The mappings A and B are said to be weakly commuting if,

M(ABx, BAx, t) > M(Ax, Bx, t), N(ABx, BAx, t) <N(Ax, Bx, t) for all x eR.

Definition 2. [10] Let A and B be mappings from an intuitionistic fuzzy metric space
(X, M, N, *, 0) into itself. The mappings A and B are said to be R-weakly commuting
if there exists a positive real number R such that M(ABx, BAx, t) > M(Ax, Bx, t/R),
N(ABx, BAX, t) < N(AXx, Bx, t/R) for all x € R.

Turkoglu et al. [10] proved that weak commutativity implies R-weak commutativity
in intuitionistic fuzzy metric space. However, R- weak commutativity implies weak
commutativity only when R < 1.

Alaca et al. [1] proved the following two lemmas:

Lemma 1. [1] Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. If there
exists k e (0, 1) such that M(x, y, kt) > M(x, vy, t) and N(X, y, kt) < N(x, y, t) for all x,
y e X. Thenx =y.

Lemma 2. [1] Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. If there
exists a number k (0, 1) such that M(Yn+2, Yp+1: Kt) > M(Yn+1, Yo 1) €and N(Yp+2,

Yn+1> kKt) S N(Yp+1 Yo
forallt>0andn=1,2,........ then {y,} is a Cauchy sequence in X.

Turkoglu et al. [10] proved the following result:

Let (X, M, N, *, 0) be a complete intuitionistic fuzzy metric space and f and g be R -
weakly commuting mappings of X satisfying the following conditions: (i) f(X) [
g(X) ; (ii) f or g is continuous; (iii) forall x,y e Xand 0 <t<1, M(fx, fy, t) >c
(M(gx, gy, 1)), N(f x, fy, t)>c’(N(gx, gy, t)), where ¢ : [0,1] — [0,1] and ¢’ : [0,1] —
[0,1] is a continuous function such that ¢(t) >t and ¢’(t) <t. If the sequences {X} and

{Y¥n} in X are such that, for all x, y € X and t > 0, limx, = x and Ai_r){}oyn =y

n—-oo

implieslim M(X,, Yp » 1) = M(X, y, 1), lim N(Xp, Yy, ©) = N(X, y, 1), then f and g have a
unique common fixed point in X.

MAIN RESULT.

In this paper, a result regarding common fixed point theorem in intuitionistic fuzzy
metric space is proved for R-weakly commuting mappings which is the generalization
of the outcomes produced by Turkoglu et al. [10] and other results which were proved
in intuitionistic fuzzy metric spaces.

Theorem. Let P, Q, T and S be self-mappings of a complete intuitionistic fuzzy metric
space (X, M, N, * ) with continuous t-norm * defined by a * b= min{a, b}, a, b €
[0,1] and continuous t-conorm ¢ defined by a ¢ b = max{a, b}, a, b € [0,1], fulfilling
the conditions:
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1) Q(X) & S(X), P(X) & T(X);

@) T and S are continuous;

3) (P,S)and (Q, T) are R-weakly commuting self-maps of X;
(4) forallx,yinXandt>0 ,thereexistsk € (0, 1) such that

M(Px, Qy, kt) > M(Sx, Ty, t) * M(Px, Sx, t) * M(Qy, Ty, t) * M(Sx, Qy, 2t) * M(Px, Ty,
t) and

N(Px, Qy, kt) < N(Sx, Ty, t) ¢ N(Px, Sx, t) O N(Qy, Ty, t) ¢ N(Sx, Qy, 2t) O N(Px, Ty,
t);

for all x,y € Xand t > 0, sequences {x,,} and {yn} in X are such that

(5) lim x, =X, 7li_r)xc}oyn =y gives

n-co
AEEIOM(XW Yp 1) =My, 1), ,llil?oN(Xn’ Yn 1) = N(X, Y, 1)
Then P, Q, T, and S have a unique common fixed point in X.
Proof. Assume that x is an arbitrary point in X. Since Q(X) I S(X) and P(X) [
T(X), there exists x , X,e X such that Px, = Tx, =y, and Qx = Sx, =y, We form
sequences {x } and {y } in X such that

Y, =Px,=Tx, .~ and vy,  =Qx, =S,  wheren=0,1,2..
Firstly we proceed to show {y } is a Cauchy sequence in X.

From (4), we have

M (y2n’ y2n+1’ kt) = M(PXZn’ QX2n+1’ kt)
>M(SX, . TX, ., 2t)*M(P

x2n,Tx2n+1, t).

)*M(Px, ,Sx, 1)*M(Qx, .., TX, .1)*M(Sx, ,Qx

2n+l' " 2n+1’ 2n+1’
= M(yZn—l' y2n’ t ) * M(yZn’ y2n—1’ t) * M(y2n+1’ yZn’ t) * M(yZn—l' y2n+1' Zt) *
M(yZn' y2n' t)

From the definition of continuous t-norm by Schweizer and Sklar [9] and definition of
intuitionistic fuzzy metric space by Alaca et al. [2], we get

M(yZn’ y2n+1’ kt) = M(yZn—l,yZn’ t) * M(y2n+1’ y2n’ t) or M(yZn’ y2n+1’ kt) = M(yZn—l’
y2n’ t)

Similarly From the definition of continuous t-conorm by Schweizer and Sklar [9] and
definition of intuitionistic fuzzy metric space by Alaca et al. [2], we get N(y,,,

kt) = N(yZn—l’ y2n’ t)

y2n+1’
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So, we can conclude that

M(Y, s Ve KD = M(y,, Y, D a@nd Ny, Yo KO <Ny, Y, D) forallt>0..
Therefore, from lemma 2, {y} is a Cauchy sequence in X. Since
X is complete, therefore {y } converges to some point z in X. Consequently, the

subsequences {Px, .}, {Tx, .} {Qx, ,}and {Sx, } converges to z in X. Since S is
continuous, limSPx, = Sz and limSSx, = Sz. The pair (P, S) is R-weakly

A n—->0oo n—->0oo

commuting, therefore
M(PSX, , SPx, , t) > M(Px, , SX, , /R) Q)
N(PSx, , SPx, , t) <N(Px, , SX, , U/R) (i)

Take n—oo in (i) and (ii), we obtain rlll_r)go PSx, = Sz.

Putx = Sx, andy =x, . in (4), let n—o0 and using above results, we get
M(Sz, z, kt) > M(Sz, z, t) and N(Sz, z, kt) < N(Sz, z, t)

Now by Lemma 1, wegetSz=z.

As T is continuous, we have lim TQin-1 =Tz and lim TTin- =Tz

n—-oo n—-oo 1

As (Q, T) is R-weakly commuting
M(QTx, ,, TQX, ., )= M(Qx, ,, TX

N(QTx TOX,, . t) < N(Qx2n_1, TX

t/R) (i)
t/R) (iv)

2n-1’

2n-1’ 2n-1’

Take n—oo in (iii) and (iv), we obtain lim QTx, . =Tz
n—oo -

Putx =3x, andy =Tx, . in (4), let n—co and use above results, we obtain M(Sz, Tz,

kt) > M(Sz, Tz, t) and N(Sz, Tz, kt) <N(Sz, Tz, t). Now using Lemma 1, we obtain Sz
=Tz.Hence,Sz=Tz =2z

Putx =zandy=Tx, . in(4), let n—oo and use above results, we obtain M(Pz, Tz,

kt) > M(Pz, Tz, t)and N(Pz, Tz, kt) <N(Pz, Tz, t). Now using Lemma 1, we obtain Pz
=Tz.Hence Sz=Pz=Tz=1z.

Again Put x =z and y = z in (4) and use above results, we obtain M(z, Qz, kt) > M(z,
Qz, t) and N(z, Qz, kt) <N(z, Qz, t). We obtain Qz=z. Hence Pz=Qz=Tz=Sz = z.

Which shows that common fixed point of P, Q, T and S is z.
Now we prove Uniqueness of z.

Assume that the mappings P, Q, T and S have u” as another common fixed point. So,
we can write w” =P’ = Qu = Tu’ =Su’. Putx =z and y = u’ in (4) and use above
results, we get M(z, u’, kt) > M(z, u’, t) and N(z, u’, kt) <N(z, u’, t)

Hence z = u’. Thus, z is the unique common fixed point of P, Q, Sand T.
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Corollary. Let P, Q, T and S be self-mappings of a complete intuitionistic fuzzy
metric space (X, M, N, * 0) with continuous t-norm * defined by a * b= min{a, b}, a,
be [0,1] and continuous t-conorm ¢ defined by a O b = max{a, b}, a, be [0,1],
satisfying the conditions (1), (2), (4), (5) of the above theorem and the pairs (P, S)
and (Q, T) are weakly commuting self-mappings of X. Then P, Q, T and S have a
uniqgue common fixed point in X as weak commutativity implies R-weak
commutativity.

CONCLUSION

In this work, we established a common fixed point theorem for R-weakly commuting
mappings in intuitionistic fuzzy metric space which is the generalization the outcome
of Turkoglu et al. [10] and other results which were proved in intuitionistic fuzzy
metric spaces.
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