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Abstract

This paper addresses the study of kernel operators within the framework of
Hilbert C*-modules. Specifically, we investigate kernel operators associated
with the convolution kernel type. We study their boundedness, compactness and
adjointness.
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INTRODUCTION

A convolution kernel is a function that serves as the kernel for a linear
translation-invariant operator. It is a fundamental object as it corresponds to a
Fourier multiplier and can also be used to construct Poisson semi-groups [8]. In
image processing and computational mathematics, they are implemented as compact
matrices applied to digital images to perform operations ranging from basic filtering to
sophisticated feature extraction [3] .
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On the other hand, Hilbert C*-modules, introduced by Kaplansky in the 1950s, are
a natural generalization of Hilbert spaces. They are endowed with an inner product
that takes values in C*-algebra instead of the complex field [6]. Many foundational
results of Hilbert spaces do not hold for Hilbert modules. For example, the orthogonal
decomposition into closed subspaces, a cornerstone of Hilbert space theory, fails in the
context of Hilbert C*-modules [7]. The theory of Hilbert C*-modules is a flourishing
field of research. A current trend involves reinvestigating, for Hilbert modules, classical
results that are well-established for Hilbert spaces. It is within this framework that we
introduce the concept of a convolution kernel taking values in a Hilbert module defined
over a locally compact group. We specifically study the operator associated with this
type of kernel. More details on Hilbert modules can be found in [6, 7, 2].

The rest of the paper is organized as follows. Section 1 is devoted to notations, concepts
and facts which we will need in the sequel. Section 2 contains the main results.

1. PRELIMINARIES

Let A be a C*-algebra. Its involution map and its norm are denoted respectively * and

[ ve

Definition 1.1. A pre-Hilbert A-module (or a pre-Hilbert C*-module over A) is a
complex linear space M equipped with a compatible left A-module structure together
with a map (-,-) : M x M — A such that

1 Va,y,2 € M, Y, B € C, (z,ay + f2) = alu,y) + B(z, 2),
2. Yo,y e M,Va € A (z,ay) = alz,y),
3. Vr,y € M, (z,y) = (y,x)%,

4. Yr e M, (z,z) 2 0and (z,2) =0 < z = 0.
In a pre-Hilbert module M, one may define a norm by

st = 11z, 2|5, € M. (D)

If M is complete with respect to the above norm, then M is called a Hilbert .4-module
(or a Hilbert C*-module over A).

Let us provide some examples.
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Examples 1.2. 1. Let A be a C*-algebra.
+o00

The space (2(A) = {(zn)neny C A;Zx;xn converges in A} is a Hilbert

n=1

A-module with respect to the .A-valued inner product (-,-) defined by

<(xn)v (yn)> = Z xzyn

2. Let M be a Hilbert A-module. Let us denote by L?(G, M) the set of M-valued
Bochner square integrable functions on G. It was shown in [1] that L*(G, M) is
a Hilbert .4-module with respect to the .A-valued inner product

() = [ (Fla).g@)dNa) @
a
We recall the following theorem that we may use.
Theorem 1.3. (/6, pages 3, 4])

1. Forallz,y € M, (y,x){x,y) < |{z,z)|{y, y).

2. Forall z,y € M,

(@ y)lla < llzllaal [yl ane

3. Forallz ¢ M, a € A,

azfpm < flallallzl s

2. MAIN RESULTS

Let GG be a locally compact Hausdorff group with a fixed left Haar measure. We assume
that whenever G is a compact group, then its Haar measure is normalized in such a way
that A(G) = 1. Throughout this paper, for any Banach space (X, || - || x), we denote by
LP(G,X),1 < p < oo, the space of X-valued Bochner p-th power integrable (class
of) functions on G with respect to the Haar measure A. The set LP(G, X)) is a Banach
space with respect to the norm

1

i) = ( / IIf(:r)H&dA(:r))p e LG, X). @)

Definition 2.1. Let G be a locally compact group and let M be a Hilbert A-module.
We say that the linear operator T : L'(G, M) — L*(G, A) is a kernel operator if
there exists a A\ X \-measurable function kr : G x G — M such that

Tf(z) = /G k(. 9), f())dMy), z € G. @
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and

/ / |k, ). £) | adM@)dA(y) < oo. )
GJG

The function k7 is called the kernel of the operator T'. Let us denote by (G, M) the
set of kernel operators T : L'(G, M) — LY(G, A).

In this framework, in contrast to [4], the domain of the kernel operator 7" is a subspace
of L'(G, M) and is defined by
dom(T) ={g€ LY(G,M): (z,y) — (kr(z,y),9(y)) € L'(G x G, A) and if

o € G To(o) = [ (hrlen). o) dNy) then Tg € LY(GLA) ).
G
(6)
The range of 1" is denoted by

ran(T)={Tg: g € dom(T)} . (7)

Let (E, ||-||g) and (F, ||- || ) be Banach spaces, and let T : E — F be a linear operator.
The operator norm of 7" is denoted by

1T = sup {ITf[l: Iflle <1} (8)

2.1. Convolution kernel

In the following, let us assume that GG is a compact group and its Haar measure
A is a normalized invariant measure. Let us introduce the kernel operator for a
convolution kernel in the framework of Hilbert C*-modules. Let ¢ : G — M be
a measurable continuous function. Put 7 as the kernel operator associated with the
kernel ks : G X G — M defined by ky(x,y) = ¢(ay!) for any (z,y) € G x G. We
will call £, a convolution kernel. The following results are inspired from [4].

Theorem 2.2. (i) The map T is well-defined, that is, the map (z,y) — (ks(x,y), f(y))
belongs to L'(G x G, A) forany f € L'(G,M) and T, f € L*(G, A).

(ii) Ty : LY (G, M) — L*(G, A) is bounded with

sl < ol nm- 9)
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Proof. (i) Let f € L'(G, M). We have
| [t sapllax@are < [ [ kil ol

AL ( / H¢<xyl>uMdA<x>) aA(y)
/G 17 ) a1l 1+ @ dA ()

ol 2@l fllLr@my < oo.

Hence, the map (x,y) — (ky(z,y), f(y)) belongs to L} (G x G, A).
(i) Let f € L*(G, M). We have
d\(z)

/G |7/ (@) adA(z) = /G / (™), S|
/G /G 16y Ll F @)l aedA () aA @)

< ol fllni ey < oo.

N

Hence, Tyf € L'(G,A) and ||T,f||11c,a < ||@lle @l fllei@a- Therefore,
Ty : L' (G, M — LY (G, A) is bounded and || Ty|| < [|9]|1:(cnm)- O

Theorem 2.3. Let G be a compact group and let M be a Hilbert A-module. Then, the
kernel k’¢ - LZ(G X G, M) and ||k¢||L2(G><G,M) = ||¢||L2(G,M)-

Proof. We have

/G /G o(z, ) |PrdA(2)dA(y) = /G / 6y |2.dA(z)dAw)
- / / 16(9)| BadA(v)dA(z)
GJG
= [ 160 @)
G
= 116l 2agag < 0.

HCI’ICC, k‘¢ - L2(G X G,M) and ||k¢||L2(G><G,M) = ||¢||L2(G’,M)- D
Theorem 2.4. Let G be a compact group and let M be a Hilbert A-module. Then,
T, : L' (G, M) — L*(G, A) is a compact operator.

Proof. Given that G is a compact group, L*(G, M) is dense in L' (G, M). Therefore,
there exists a sequence (¢,), of L*(G, M) such that ||¢ — ¢,||11(G.m) converges to
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0 as n goes to +oo. From inequality (9), we see that ||T, — Ty, || = [|Ts—s.|| <
|0 — &nl|L1(G,1m) converges to 0 as n goes to +oo. Since for all n € N, Ty
L*(G, M) — LY(G, A) is compact, it comes that T}, is compact. O

Theorem 2.5. Let G be a compact group and let M be a Hilbert A-module. Then, the
map G x G — Ry, (z,y) = ||ko(z, )| mI|f (v)]|3 is integrable and

/G /G o )Ll F @I A dAD) = 16l @noll Zsicnn  (10)

Proof. Given f € L*(G, M), we have

/G /G (e, )Ll F )| BadA(2)dA ) = /G 1 @)l ( /G ||¢<:cy-1>||MdA<as>) dA(y)
= Il [ IF@)IEANG)

= ol emllfllZ2@r0-

]

Theorem 2.6. Let G be a compact group and let M be a Hilbert A-module. If
f € dom(T) C L*(G,M), then T,f € L*(G,A). Moreover, the kernel operator
Ty : dom(T) C L*(G, M) — L*(G, A) is bounded and

sl < ol zrnm)- (11)
Proof. Let f € dom(T) C L*(G, M), we have
JIzr@IEdN@ = [ 1] ] Fae ), Fr@) EdAz).
G G G

Also,

N

/ <k¢<x,y>,f<y>>dx<y>H

/G (s ) L1 ) LA ()

A

/ ko, )] 2, (|k¢<x,y>||%4||f<y>|w) dA(y)
G

(f H%(a:,y)mdx(y));

(/GHk¢(m,y)HMHf(y)HiAd,\(y)>é

N

S ( /G |\k¢<x,y)HMHf(y)WA(y))
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Hence, we have

/ Ty ()| BdA(z) - < / I / (ol 9), £ (0))aAw) A ()
(€] G G

1\ 2
/| <||¢||zl(m ([ kst nllal 0l arn ) (@)

= el /G /G (s )t 17 0) A () dA ().

N

From equality (10) of Theorem 2.5, we have

/G T @) M) < 110122 ol FI22icne < 00
Hence, T, f € LQ(G,A). Furthermore ||T¢f||L2(G7A) < ||¢||L1(G7M)||f||L2(G7M). It

follows that T, : dom(T) C L*(G,M) — L?*(G,A) is bounded and [|T,|| <
o[l @.Mm)- O

Theorem 2.7. Le G be a compact group and let M be a Hilbert A-module.Then, the
kernel operator Ty : dom(T) C L*(G, M) — L*(G, A) is adjointable.

Proof. Let f € L*(G, M) and g € L*(G,A). We have
TolDn = [ Tof@) gla)dr)

~ [ ([t spam) i)

= [ ([ et sy am) swi)

= [ ([ vt st iam ) i)

_ /G / (), 9(@)d(ay ) dA(y)dA ()
_ / (), / 9(2)b(ey™)AA(@))dA(y).
G G

Put Syg(y) = / g(2)p(zy 1)d\(x) for all y € G. With a similar reasoning to the
¢
proof of Theorem 2.6, S,g € L*(G, M) and the map Sy : L*(G, A) — L*(G, M) is
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an A-linear bounded operator. Hence,

Tl = [ W) Sal)axe)
= ([, 5869) r2(G.Mm)-
It follows that T}, : dom(T) C L*(G, M) — L*(G, A) is adjointable and its adjoint is
the map S. [
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