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Abstract

The main objective of this paper is to derive some of the results of partially ordered
I'— semiring by using the conditions of positive, additive idempotent, centreless,

simple, commutative, strong identity on partially ordered I'— semirings.
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1. INTRODUCTION

An algebraic structure along with two binary operations addition and multiplication,
where addition is commutative and multiplication is distributive over addition is called
semiring. Semirings not only have significant applications in different fields such as
optimization theory, generalized fuzzy computation, and automata theory in computer
science, but are fairly interesting generalizations of rings and bounded distributive
lattices.

Semirings provide the most natural common generalization of the theory of rings, also
they provide an important tool in the development of different branches of science.
But the set of all non-positive integers and the set of all m x n matrices do not form
semirings because multiplication is not a binary operation for the above sets. So another
mathematical operation came into existence, which is known as I'— Semiring. The
notion of I' in algebra was introduced by N. Nobusawa [6] in 1964. In 1981, M. K. Sen
[7] introduced the notion of I'— semigroup. In 1995, the concept of I'—semiring was
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introduced by Rao [5] as a generalization of ['—semiring, ternary semiring, semigroups,
and semirings. After this T. K. Dutta and S. K. Sardar[1], H. Hedayati and K. P.
Shum[3], Sharma and Gupta[9], Sharma and Ranote [11] and many others obtained
interesting results on ['— semirings.

In this paper, we here consider some conditions of positive, additive idempotent,
centreless, simple, commutative, strong identity, etc. on positive partially ordered I'—
semirings and generalize some of the results of semiring [2] to various ['— semirings
like Gel’fand I'— semiring, complimented I'— semiring, multiplicatively cancellative
commutative ['— semiring.

2. PRELIMINARIES AND EXAMPLES

Recall that if (R, +) and ( I', +) be two commutative semigroups then R is called a I'—
semiring if there exists a mapping R x I' x R — R denoted by zay for all z,y € R
and « € T satisfying(i) za(y + 2) = zay + zaz. (i) (y + z)axr = yaxr + zaz. (iii)
r(a+ B)z = zaz + xfz. (iv) za(yfz) = (vay)Bz forall x,y,z € Rand «, 5 € T.
Let A and B be semirings and let R = Hom(A, B) and I' = Hom(B, A) denote the
sets of homomorphisms from A to B and B to A respectively. Then R is a '— semiring
with operations of pointwise addition and composition of mappings. Further, let M be
a I'— ring and let R be the set of ideals of M. Define addition in the natural way and
if A/B € R,~ €T, let AyB denote the ideal generated by {zyy|z,y € M}. Then
R is a I'— semiring. A ['— semiring R is said to be commutative if zvy = yyx for
all z,y € R and for all v € I'. A I'— semiring R is said to have a zero element if
Oyt =0=270andx+0=2x=0+zxforallz € Rand v € I'. R is said to have an
identity element if there exists v € I' such that 1yx = 2z = zyl forallz € R. R is said
to have a strong identity element if for all z € R, lax = x = zal forall « € I'. A non
empty subset S of a I'— semiring R is said to be a sub I'— semiring of R if (S, +) is a
sub semigroup of (R, +) and zyy € S forall z,y € S and v € I". An element = of a
I'— semiring R is said to be additive idempotent if © = x + x. If every element of R is
additive idempotent then R is called additive idempotent I'— semiring. It is denoted by
IT(I'R). A T'— semiring R is simple if and only if z + 1 = 1 = 1 + z forall x € R.
Simple I'— semiring are additive idempotent but the converse is not true.

Throughout this paper, R will denote a I'— semiring with zero elements “0” and identity
element “1” unless otherwise stated.
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3. POSITIVE PARTIALLY ORDERED I'— SEMIRINGS

Definition 3.1. Let R be a I'— semiring. Then R is called partially ordered I'— semiring
if and only if there exists a partial order relation’ <' on R satisfying the following
conditions if v < y and z > 0 then

(i) xr+z<y+=z
(ii) raz < yaz

(iii) zax < zay, forall x,y,z € Rand a € T'.

If the relation < is a total order then R is totally ordered I'— semiring.

Example 3.2. [4] Let R = [0,1],T" = N. Define x +y = max{x,y} and ray =
min{x,a,y} forall v,y € R and o € T'. Then R is a partially ordered I'— semiring
with respect to usual ordering.

Example 3.3. let R be a I'— semiring and let {<; |i € Q} be a family of partial order
relations on R each of which turns R into a partially ordered I'— semirings. Then R is
a partially ordered I'— semiring concerning the relation’ <7 defined by v < vy if and
only if v <; y foralli € Q.

Definition 3.4. A partially ordered I'— semiring in which every two elements are

comparable is said to be totally ordered I'— semiring.

Definition 3.5. An element x of a I'— semiring R is a unit if and only if there exists an
element y of R and o € 1" satisfying ray = 1 = yax. The element y of R is called the
inverse of x in R.

Definition 3.6. An element x of a I'— semiring R is a strong unit if and only if there
exists an element y of R satisfying ray = 1 = yax for all o € T'. The element y of R is

called the strong inverse of x in R.

Let us denote the set of all elements of R having units or strong units by U(I'R). This
set is non-empty since 1 € U(I'R) and is not all of R.

Definition 3.7. A ['— semiring R is a division I'— semiring if and only if every non-zero

element of R is a unit.
Definition 3.8. Commutative division I'— semirings are I'— semifields.

Definition 3.9. [12] Let R be a I'— semiring and define Gr(R) = {r € R| 1+ 7r €
U(I'R)}. Then Gr(R) is a Gel’fand I'— semiring if and only if R = Gp(R).
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Definition 3.10. An element x of a partially ordered I'— semiring R is transitive if and
onlyifrax < z,a €T

Definition 3.11. An element x of a partially ordered I'— semiring R is positive if and
only if x > 0. This condition is equivalent to the condition that x +1r > r forallr € R.

Definition 3.12. A I'— semiring R with zero elements is said to satisfy cancellation law
ifforall a,b,c € R and o € T" we have that a # 0, aab = aac and baa = caa implies
b=c

Recall the following definitions from [10].

Definition 3.13. [10] Let x,y be elements of a I'— semiring R then x is I'— interior
y denoted by xVy if and only if there exist an element z € R,a € I such that
raz =zax =0,and z +y = 1.

Definition 3.14. [10] An element x of a I'— semiring R is complemented if and only
if tVx. That is there exists an element y € R,« € I such that xay = yax = 0 and
x4y =1, this element y € R is the complement of R.We will denote the complement
of x by x+.

Theorem 3.15. Let x be an element of a partially ordered I'— semiring satisfying x <y
forally € Rthenx € IT(I'R).

Proof. Since x < yforally € R, so we have x < 0 and thereforex < z+z < z+0 =
z. Hence, z + x = x. OJ

Theorem 3.16. Let R be a positive partially ordered I'— semiring. Then R is centreless.

Proof. Let R be a positive partially ordered ['— semiring. If z,y € Rthenx > 0,y >
0. Now,x+y > x+0 =2 > 0. Thus, x + y = 0 implies that 0 > = > 0. This implies
that z = 0. Similarly, y = 0. [

The following result is proved in [9].

Theorem 3.17. Let R be a I'—semiring. Then

(i) Ris simple if and only if vt = x + xay, forall v,y € R,a € I’
(ii) R is simple if and only if v = v + yax, forallz,y € R,a € T’

(iii) R is simple if and only if ray = vay + (zfz)ay, forall z,y,z € R, o, € T
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Theorem 3.18. Let R be a positive partially ordered Gel’fand 1'— semiring then
for each z,y € R there exist units u,v € U(I'R) such that ray < xau and
ray < xav,a € I'. Further, if R is a strong simple I'— semiring then xay < y
and yax < x forallx,y € R,a € T

Proof. Letx,y € Rthenu = 1+ x and v = 1 4 y are units of R, as R is a Gel’fand
['— semiring. Now, since R is positive, so we have © < z + 1 and y < y + 1. This
implies that zay < (z + 1)ay = uay and zay < za(y + 1) = rav Moreover, if R is
a strong simple I'— semiring then by Theorem 3.17, zay < (x + 1)ay = lay = y and
yar < (y+ 1)ax = lax =z forallz,y € R,a €T O

Theorem 3.19. Let R be a positive, simple and commutative 1'— semiring and
X1, %o, T3, ..., Ty are elements of R. If 1 < h < k < n are indices such that xpopx, = 0

then x101To00x3003...0y T, = 0.

Proof. Lety = x1o1x00023003...0 121, and
& = Th1¥h 41 T4 204 2L h 3R 43 - O 1T
Then by Theorem 3.17,0 <y < zpand 0 < z < .
This implies that 0 < ya,z < xpapz, = 0. Therefore, ya,z = 0.
Now,
L1001 Toa L33 .. X QT h1 ...y 1Ly
= (100 T20003...0 1 T3 Op (Thy1 Ut 1Th 42O 12 O 1 T ) ULt 1Oy 1Ty
= 101 T2 T3... A1 (TRORTE ) U 1 Tha 1 Vg2 Qg1 T 1 QU Ty 1 -+ - Oy 1 Ty

=0 []

Theorem 3.20. Let R be an additively idempotent I'— semiring with strong identity.
Then R is partially ordered by the relation x < y if and only if v + y = y. Moreover,
R is positive and a join semilattice with x \/ y = x + y. Further, if z,y € U(T'R) then

x > yifand only if w < t, where w and t are inverses of x and y respectively.

Proof. Let R be an additively idempotent I'— semiring with strong identity. Now, x < y
ifandonlyifz+y = yifandonlyifz+y+2 = y+zifandonlyif x+y+2+2 = y+=2
ifandonlyifz +z2+y+z2z=y+zifandonlyif z + 2 < y 4 2. Again, letx < y
and z > 0 if and only if x + y = y if and only if (z + y)az = yaz if and only if
raz + yaz = yaz if and only if zaz < yaz, a € I'. Thus, R is partially ordered I'—
semiring. Clearly x > 0 for all z € R. So, R is positive.

Moreover, R is additively idempotent, so x+y = z+y ifandonly if 2+ (z+vy) = z+vy
if and only if x < x + y. Similarly, y < x + y forall x,y € R. Let z € R be such that
x < zandy < z. Then x+2z = z and y+ z = z. Therefore, (z+y)+2z =x+(y+2) =
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x + 2z = z. This implies that z + y < 2. Thus, z < z,y < z implies that z + y < z.
Sozx+y =z Vy. Finally, if z,y € U(I'R) then y < zx if and only if y + x = .
Now, t = tB(xaw) = tf(y + x)aw = (t0y)aw + tf(raw) = law + tf1l = w + t,
where w and ¢ are inverses of x and y respectively such that raw = wazr = 1 and
yat = tay = 1. Hence, w < t. 0

Corollary 3.21. Let R be a simple I'— semiring with strong identity. Then every I'—
semiring is partially ordered by the relation x < y if and only if v + y = y and satisfies
0<x<1forallz € R.

Theorem 3.22. Let R be an additively idempotent I'— semiring with strong identity.
Then S ={x € R|0 < x < 1} isa sub'— semiring of R.

Proof. Clearly 0,1 € R. If x,y € SSa € 'then0 < z+4+y < 1+1 =1 and
0=za0 <zay <zal =z < 1.Thus, z +y,zay € S. O]

From now onwards, whenever we consider additively idempotent I'— semirings with a
strong identity, we will assume that they are partially ordered by the relation given in
Theorem 3.20. In particular, this will be also true for simple I'— semirings.

The following results are proved in [11].

Theorem 3.23. [11] Let R be a I'— semiring. If R is multiplicatively cancellative,
additively idempotent commutative I'— semiring. Then

(z+y)a)" Hr+y) = (xa)" tz+ (ya)" 'y forall z,y € R, o € T and all positive
integers n.

Corollary 3.24. [11] If R is an additively idempotent multiplicatively cancellative
commutative I'— semiring and if v, xs,....x; € R, a € T then

(2 2)a) (30, @) = St (z2)" L, for all positive integers n.
As an immediate of Theorem 3.23 and Corollary 3.24, we have

Theorem 3.25. Let R be a multiplicatively cancellative additively idempotent

commutative 1'— semiring. If ©i,29,....k, € R then zriarsa..ar, <

Doy (wia)" .

Theorem 3.26. Let R be an additively idempotent and simple I'— semiring. Then
x < (yVz) < tin R implies that Nt for any x,y, z,t € R.
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Proof. Since yV z , so there exists an element w € R, o € I such that yaow = way = 0
and w 4+ z = 1. Again, by Theorem 3.20, x < y if and only if x + y = y. By Theorem
3.17, we have y = zfy +y forall z;,y € R, € I'. Thus, x +y = zfBy + y.
Now, raw = zaw + 0 = zaw + yaw = (x + y)aw = yow = (zfy + y)aw =
(xPy)aw + yaw = 0. Similarly, wax = 0. Again, z < t if and only if z + ¢ = ¢. Thus,
w+t=w+z+t=1+1t=1,since R is simple. Hence 2 V1. O]

Theorem 3.27. Let R be a positive, commutative and simple I'— semiring. Then xVy
and zN't in R implies that (zaz + zax)V (ypt) for any x,y, z,t € Rand o, 5 € T

Proof. Since, *Vy and zVt, so there exist elements r,s of R and o, € I such
that zar = rar = 0 = zfs = sfzandr+y = 1 = s+ t, for x,y,z €
R. Let w = yds + r, for some w € R, § € T. Now, wl(zxaz + zax) =
(yds + r)B(zaz + zax) = (yis)B(zaz) + (yos)B(zax) + rf(raz) + rf(zazx) =
yo(spz)ax + yo(sfz)ax + rf(zax) + zf(rax) = 0. Similarly, (zaz + zax)fw = 0.
Again, w+ydt = yd(t+s)+r = ydl+r = y+r = 1. Hence, (xaz+ zax)Vydt. O

Theorem 3.28. Let R be a positive, commutative, and simple I'— semiring with strong
identity. Then x, zNy implies that (x + z)Vy for any z,y, z € R.

Proof. Since xVy and zVy, so there exist elements r,s € R,a € I such that
rar =rar = zas = saz =0andr+y =s+y = 1.lett = rds,d € I'. Now, R is
positive, therefore we have 0 < ta(x + z) = (rds)a(z + z) = (rés)ax + (rds)az =
sé(rax) + ré(saz) < raz + saz = 0. This implies that ta(x + z) = 0. Similarly,
(x + 2)at = 0. Further, t +y = t + 10y = t + (r + 1)0y = rds + roy + 1oy =
ré(s+y)+y=rol+y=r+y=1.Hence, (x + 2)Vy. O

Theorem 3.29. Let R be a positive, additively idempotent and simple I'— semiring. If

y € Rthen I ={z € R|rVy} is anideal of R.

Proof. Letx € I,z € Rand a € I'. Then zaz < xVy. So, by Theorem 3.26,
(zax)Vy. Similarly, (zaz)Vy. Thus, xaz, zax € I. Further, if z, 2Vy, that is, zVy
and zVy then by Theorem 3.28, (z + z)Vy. Hence, x + z € I. O
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