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Abstract 
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1. INTRODUCTION 

Clifford analysis provides the ability to generalize the theory of complex function in 

higher dimensions. It analyses the function of Clifford algebraic values which are 

described in an open subset of ,m
 m  and which are solutions of higher-

dimensional Cauchy-Riemann systems. These are known as Clifford monogenic or 

holomorphic functions. 

We use the following notations to induce the calculation more concisely: 

For 1 0
),...,( =

m
mh h h  and 1

),..., ,m
mz z z (  

1

1 1 1... , ! ... ! , ... .mhh

m m mz z h h h h    z h h
h !  

1 2{ , ,..., }mr r r  denotes the basis of .m  The related real Clifford algebra 
0mCl  is the free 
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algebra formed by m  modulo 
2 2

0|| || .r z z  Here 0r  is a neutral element concerning the 

multiplication of Clifford algebra 0 .mCl  In the Clifford algebra 0mCl  following 

multiplication rule holds: 02 , , 1,2,..., ,s e e s ser r r r r s e m     where se  described as a 

Kronecker symbol.  

For Clifford algebra 
0mCl basis is given by the set   : {1,2,..., }Br B m  with 

1 2
... ,

cB l l lr r r r  where 1 2 0
...1 , 1.cl l l m r r        

Each 
0mb Cl  can be written as B B

B

b b r  with .Bb   In Clifford algebra 
0mCl  the 

conjugation is defined as ,B B

B

b b r  where 
1 1
...

c cB l l lr r r r


  and e er r   for 

0 01,2,... , 1.e m r r    

The linear subspace   

1 0span {1, ,..., } m

C m mr r Cl    

is known as the space of para vectors 0 1 1 2 2 ... m mx z z r z r z r      which we easily 

identify as 1.m  

Here 0 Sc( )z x  is the scalar part and 1 1 2 2 ... m mz r z r z r    z Vec( )x  is vector part of 

para vector .x  

1/2

2|| || | |B

B

b b
 

  
 
 is Clifford norm of an arbitrary .B B

B

b b r  

Every para vector 1 \{0}mx   has an inverse element in 1m  that can be written as

1 2/ || || .x x x    The generalized Cauchy Riemann operator in 1m  is given by  

10

.
m

s

s s

K r
z z

 
 
 

  

For the open set 1 ,mA   a function 
0: mf A Cl  is “left (right)” monogenic at the 

point ,x A  if  ( ) 0 ( ) 0 .K f x f K x    

Let 1mB   be m -dimensional “surface area” of 1m -dimensional unit ball, and the 

Cauchy kernel function is 1
( ) .

m

x
p x

x



0  Then each function f  that is monogenic in 

the neighborhood of the domain W  (W is the closure of W ) satisfies the equation ([3], 

p. 766) 
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1

1
( ) ( ) ( ) ( ) ,

m W

f x p x d f
B

   
 

  0
 .x W  

Here 
0

( ) ( 1)
m

e

e e

e

d r d  


   and 0 1 1 ...e e e md d d d d           is the 

oriented outer normal “surface measure”. 

If f  is a left monogenic function in a ball ,x C  then  || ||x c  with 0 ,c C   

0

( ) ( ) .f x T x b




 h h

h

                                                                                                      (1.1) 

In (1.1), ( )T x
h

 is known as the Fueter polynomials and is given as 

1( ) ( )

( )

( ) ... ,
! mh h

perm

T x x x 


 h

h

h!
h

 

where ( )perm h  are all permutations set of the sequence 
1 2( , ..., )mh h h  and 0s s sx z z r   

for 1,...,s m  and ( ) 1.T x 
0

 

Again in (1.1), Clifford numbers { }b
h  is defined as 

1 || ||

1
( ) ( ) ( )

m c

b p d f
B



   
 

 h h
h!

 

and satisfy the inequality  

( , )
( , ) .

M c f
b d y

c


h h
h  

Here  ( , ) max ( )
x c

M c f f x


  represents the maximum modulus of the function f  in a 

closed ball of radius c  and 

0 1

0 1

...

0 1

( 1)...( 1)
( ) ( ), ( , ) .

...
h 0

h
h

h!

m

m

h h h

h hh

m

y y y
p x p x d y

z z z

     
 
  

 

The term “central index” and “maximum term” were first introduced by Almeida and 

Krausshar [1].  

 

Suppose 1

0: m

mf Cl   be a “left entire monogenic function” with the Taylor’s series 

expansion 
0

( ) ( ) .f x T x b




 h h

h

 Then, for 0c  , the “maximum term” of this entire 

monogenic function is denoted by  

| |

| | 0
( ) ( , ) max{|| || }.c c f b c 


  h

h
h
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We further introduce, the index h  with maximal length | |h  for which “maximum 

term” is gained is known as “central index” and is given by ( ) ( , ) .c c f  h   

 

The definitions of lower type, type, lower order and order of an “entire monogenic 

function” were first introduced by Kumar [14], Abul-Ez and Almaida [12]. 

Definition 1.1: (Order and Lower order)  

Suppose 1

0: m

mf Cl   be an “entire monogenic function" with Taylor’s series 

expansion 
0

( ) ( ) .f x T x b




 h h

h

 Then 

ln ln ( , )
limsup ,

lnc

M c f

c



                                                                     (1.2) 

is known as order of the function ( ).f x  

We further introduce 

 

ln ln ( , )
lim inf ,

lnc

M c f

c



                                                                                        (1.3) 

as the lower (inferior) order of ( ).f x   

Definition 1.2: (Type and Lower type) 

For an entire monogenic function 1

0: m

mf Cl   of order 1    the type   and 

lower type   of ( )f x  are defined by 

ln ( , )
limsup ,
c

M c f

c



                                                                               (1.4) 

 

ln ( , )
liminf .
c

M c f

c



                                                                                             (1.5) 

If ( )f x  is zero order entire monogenic function, then the equations {(1.4) and (1.5)} 

have no meaning.  

Therefore, the growth of “entire monogenic functions” can’t be compared by limiting 

the previous concepts. In order to solve this issue, following V.G. Iyer [9], we’ve 

invented the idea of lower logarithmic order, logarithmic order for “entire monogenic 

functions” with slow growth.  

The lower logarithmic order, logarithmic order of an “entire monogenic function” 

( )f x  of zero order are defined as 
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ln ln ( , )
limsup ,

ln ln
l

c

M c f

c



              

ln ln ( , )
liminf .

ln ln
l

c

M c f

c



               (1.6) 

Also, for entire monogenic function ( )f x  with 1 ,l   the lower logarithmic type 

l  and logarithmic type l  of ( )f x  are defined as 

 

ln ( , )
limsup ,

ln l
l

c

M c f

c





               
 

ln ( , )
liminf .

ln l
l

c

M c f

c





                   (1.7) 

Following Srivastava and Kumar {[10] and [11]}, Almeida and Abul-Ez [12], the lower 

logarithmic order and logarithmic order of an “entire monogenic function” ( )f x  in 

term of central index and “maximum term” are defined as 

 
1

ln ln ( )
limsup ,

ln ln
l

c

c

c





              

1

ln ln ( )
liminf ,

ln ln
l

c

c

c





                 (1.8) 

and 

2

ln ( )
( ) limsup ,

ln ln
l

c

c

c






                  2

ln ( )
( ) liminf .

ln ln
l

c

c

c






                    (1.9) 

Again, for an entire monogenic function ( )f x  with 1 ,l   we define 

 
 

 
 

1 1

ln ( ) ln ( )
limsup , liminf

ln lnl l
l l

c c

c c

c c
 

 
 

 
                                (1.10) 

and 

 
 

 
 

 

 
2 2

limsup , liminf .
ln lnl l

l l
c c

c c

c c
 

 
 

 
                            (1.11) 

The concept of generalized type and generalized order for entire transcendental 

functions was given by Kapoor, Nautiyal [5] and Seremeta [8]. Suppose the class of 

functions ( )l z  is represented by 0L  satisfying the following conditions: 

(i) strictly increasing, positive, and differentiable function ( )l z  is defined on [ , )b  and 

tends to   as ,x  

(ii)                                             
[{1 1/ ( )} ]

lim 1 ,
( )z

l z z

l z






  

for every function ( )z  such that ( )z   as .z    

Let   be the family of the functions ( )l z  which satisfies the conditions (i) and  

(iii)                                             
( )

lim 1 ,
( )c

l dz

l z
   
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for every 0 ,d   that is ( )l z  is increasing slowly. 

Suppose   be the family of the functions ( )l z which satisfies the conditions (i) and 

(iv)   a function ( ) ,x   and constants 0 1,z R  and 2R  such that 

1 2

{ ( )}
0 ,

{ (ln )}

d l z
R R

d z
      

for all 0.z z  

Suppose   be the family of the functions ( )l z  which satisfies (i) and 

(v)                                        
{ ( )}

lim , 0
(ln )z

d l z
R R

d z
     

Classes   and   are contained in   and .     

Following S. Kumar and K. Bala {[6] and [7]}, Srivastava and S. Kumar {[10] and 

[11]} and S. Kumar [14], we define generalized type, generalized order, generalized 

lower order and lower type of an “entire monogenic function” having slow-growth.  

For an “entire monogenic function” ( )f x  and a function ( )z  either belongs to   or 

to ,  the generalized lower order  , f   and generalized order ( , )f   of ( )f x  

are defined as 

   ln ( , ) ln ( , )
( , ) limsup , ( , ) liminf .

(ln ) (ln )c c

M c f M c f
f f

c c

 
   

  
                    (1.12) 

If we substitute   lnc c  into the above equation, then we obtain the definition as 

given in (1.6). Again, for   0 ,z L   we define generalized lower type  , , f    and 

generalized type  , , f    of entire monogenic function ( )f x  with 

  , 1f       are defined as 

  
 

ln ,
( , , ) limsup ,

(ln )c

M c f
f

c



  


  

  
 

ln ,
( , , ) liminf .

(ln )c

M c f
f

c



  


      (1.13) 

If we substitute  c c   into the above equation, then we obtain definition as given in 

(1.7). We further introduced  

for, an entire monogenic function  f x  and a function ( )z  that either belongs to   

or to ,  in term of central index and “maximum term”, we define the generalized lower 
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order, generalized order of  f x as  

   
1 1

ln ln ( )
( , ) limsup , ( , ) liminf

(ln ) (ln )c c

c c
f f

c c

   
   

  

     

and 

2 2

( ) ( )
( , ) limsup , ( , ) liminf .

(ln ) (ln )c c

c c
f f

c c

   
   

  

                                 (1.14) 

If we substitute   lnc c   into the above equation, then we obtain definition as given 

in (1.8) and (1.9). Following Srivastava and Kumar {[13], p.673}, Abul-Ez and 

Almeida {[12], p. 1263}, we have 

and 

   

   

1 2

1 2

, ( , ) , ,

, ( , ) , .

f f f

f f f

     

     

 

 

                                                                    (1.15) 

Also, for an “entire monogenic function” ( )f x  with  ( , ) 1f       and 

0( ) ,x L  we define 

 

 

 

 
1 1

ln ( ) ln ( )
( , , ) limsup , ( , , ) liminf

(ln ) (ln )c c

c c
f f

c c
 

   
     

  
   

and 

   
2 2

( ) ( )
( , , ) limsup , ( , , ) liminf .

(ln ) (ln )c c

c c
f f

c c
 

   
     

  

         

If we substitute  c c   into the above equation, then we obtain definition as given in 

(1.10) and (1.11). 

 

2. Main Results 

“Now we prove” 

Theorem 2.1: Suppose 1

0: m

mf Cl   is an entire monogenic function with Taylor’s 

series expansion 
| | 0

( ) ( )f x b T x




 h h

h

.  

Also, if ( )z either belongs to   or to ,  then the generalized lower order 
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 ( , ) 1 ( , )f f      of this “entire monogenic function” ( )f x  satisfies 

 

 1/| || |
( , ) 1 lim inf .

ln / ( , )
f

b d y


 




 
hh

h

h

h
                                                            (2.1) 

Further, if  ( ) max , 1
r

b
r

b




  
   

  '

h

h
h

h' h  is a non-decreasing function of ,r  then 

equality holds in (2.1). 

Proof:  

Write ( , )f    and 

 

 1/| || |
lim inf .

ln / ( , )b d y






 
hh

h

h

h
 

First, we show that 1.    

Using Cauchy’s inequality, we have  

| |/ ( , ) ( , ).b d y c M c f h

h
h                                                                                      (2.2) 

Again, from (1.12) for arbitrary 0 ,   and a sequence uc c   as u  , we have  

 1( , ) exp (ln ) ,M c f c   
 

 

where      

Now from (2.2), we get 

 | | 1/ ( , ) exp (ln )b d y c c    
 

h

h
h  

or 

 1/ ( , ) exp ln (ln ) .b d y c c     
 h

h h                                                         (2.3) 

Let  c c h be the root of the equation, because ( )z  is an increasing function of ( ).z  

ln
(ln ).

c
c  



 
 

 

h
                                                                                              (2.4) 

Then, for suitably large values of ,h  we have 

 1 1 1
ln , .

1 1
c Q 

 

    
       

h h                                                                     (2.5) 
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Here    1, ( ) , .Q z y y z z y C     

Using (2.4) and (2.5) in (2.3), we obtain 

 / ( , ) exp /b d y Q Q   
 h

h h h  

or 

   
1/ 1 1

ln / ( , )
1 1

b d y


 
 

   
    

h

h h h  

or 

 
1/| |

1

ln / ( , )
1

b d y











 
 
 

 

h

h

h

h

 

or 

 

 
 

 

1/| |

1/| |

1/| |

1
ln / ( , )

ln / ( , )
1

.
ln / ( , )

b d y

b d y

b d y



















  

 
 

 


h

h

h

h

h

h

h

h

h

h

 

Since ( ) ( )dz z   as .z   Taking limits as ( ) ,r h h  we get 

1.    

Since 0   is arbitrarily small, at last, we get 

1.    

Now, we show that 1 .    From the assumption on , ( )r    as .r   

By the definition given in section 1, if 
h

hb c  is the maximum term for c  then for 

,1 2h h h   

b c b c b c 1 2

1 2

h h h

h h h
 

and for ,rh  

( 1) ( ).r c r     

Now suppose that 
1

1

h

h
b c  and 

2

2 ,b c
h

h
 are two consecutive maximum terms.  Then 
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1 2 1.h h   

Suppose 

1 2 . h h h  

Then 

1( )c  h  

for  

   
*1 1 ,h hc    

where 
*1 1 1.h h    

Therefore, from (1.12) for arbitrary 0   and all 0( ),c c   we have  

 1 1( ) (ln ) ,c c        ' '
h  

or  

   1 1 1| ( ) | ln .c w        
 

'
h h  

Here w  is a constant, such that  

    *1 10 min 1, 2w     
  

h h  

or  

    1 1 1ln (1)O     '
h h . 

 Further, we have 

     1 1 ...1 1 .h h h        

Now we can write 

     
0

0
0 * *... .

b

b
  



  
 

h h
h

h

h h h  

Here * 1h h   and 0 .h h  

Hence 
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 
0

0
*( , ) ( , ) (

h h
h

h

h h h
b

d y d y
b




 
   

or 

 

 

1 1

1

ln / ( , ) ln (1)

1
| | (1)

b d y O

O





 

  

 
 

  
  

h

'

h h h

h
h

 

or   

 

 

1

1

1 1
ln / ( , ) [1 (1)]

1
[1 (1)]

b d y o

o



 



 

  
     

 
   

  
    

    

h '

'

h
h

h

h

 

or 

 

 1/| |
[1 (1)].

ln / ( , )
o

b d y







 '

h

h

h

h
 

Taking the limit as | | ,h   we obtain  

   

or 

1 .    

The proof is completed. 

“Next we prove” 

 

Theorem 2.2  

Suppose  1

0: m

mf Cl    is an “entire monogenic function” with Taylor’s series 

expansion 
| | 0

( ) ( )h h

h

f x b T x




 . Then for 
0( )z L   and   , 1f       the 

generalized lower type ( , , )f    of ( )f x  is given as 
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 
1

| |
1/| |

( , , ) lim inf .

ln / ( , )
1

f

b d y



 
  












  

  
  

h
h

h

h

h

                                          (2.6) 

Further, if   ( ) max , 1
r

b
r

b




  
   

  '

h

h
h

h' h   is a non-decreasing function of  ,r   then 

equality holds in (2.6). 

Proof:  

Write  , , f     and 

 

  
1

| | 1/| |

lim inf .

ln / ( , )
1

b d y


 






 





h h

h

h

h

 

Again from (1.13), for arbitrary 0 ,   and sequence uc c   as u  , we have  

  1( , ) exp (ln ) ,M c f c


   
 

                                                                           (2.7) 

where      

Now from (2.2), we obtain 

  | | 1/ ( , ) exp (ln )b d y c c


    
 

h

h h  

or 

  1/ ( , ) exp ln (ln ) .b d y c c


     
 h h h                                                    (2.8) 

Let  c c h be the root of the equation, because ( )z  is an increasing function of ( ).z  

 
ln

(ln ) .
c

c


  


 
 

 

h
                                                                                          (2.9) 

Then, for suitably large values of ,h  we have 

 
1 1

1 1 1
ln , , 1 .c Z



    
 




    
      
     

h h                                                (2.10) 

Using (2.9) and (2.10) in (2.8), we get 

 / ( , ) exp /b d y Z Z    h
h h h  
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or 

   
1 1

1/ 1 1
ln / ( , )

1
b d y




  

 



 
  
   

    

h

h
h h  

or 

 
1

1/| |

.

ln / ( , )
1

b d y



 












  
    

h

h

h

h

 

Taking limits as ( ) ,r h h  we obtain 

.   

Since 0   is arbitrarily small, at last we obtain 

.                                                                                                                         (2.11) 

Now, we have to show that .   If ,   then nothing to show here. So let us suppose 

that 0 .  Therefore, for a given 0,   0y   such that   multi-indices h  with 

0 ,nh  we have 

 

 
1

1/| |

0

ln / ( , )
1

b d y


 
  







   
 

 

h

h

h

h

 

or 

 
1
1

11 1( , )exp .b d y


   
 




       
     

h h h h  

By the maximum modulus property, we have 

0

( , )M c f b c





h

h

h

 

or 

 
0

0

1
1

| | 1

0 1

11
( , ) ( , ) exp .

y

y

M c f b c d y c



  

 




  

        
     

 
h h

h

h h

h h h  

Now for 1,c   we have 
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 0

0

1
1

| | 1

1

1

1 1( , ) ( , ) exp ,
y

y

M c f Ac d y c


  


 


 

         
     

 h

h

h h h           (2.12) 

1A  represents, a positive real constant. We choose  

 
1

1( ) ln 1 ,
1

X c y c




  





    
             

 

where [ ]z  represents the integer portion of 0.z   Since   0 ,z L   the integer  X c  

is properly defined. Now, if c  is suitably large, then by (2.12), we have     

 

 

0

0

1

1
1

( ) 1

1 ( )

1
1

| | 1

( )

( , )

1 1( , )exp

1 1( , ) exp

y

X c

y X c

X c

M c f A c

c d y

d y c





   
 

   
 




  






 

       
     

       
     





h

h

h

h h h

h h h

 

or 

 

 

 

0

1

1
1

( ) 1

1

1
1

| | 1

( )

( , )

1 1( , ) exp

1 1( , ) exp .

y

X c

X c

M c f A c

c d y

d y c





   
 

   
 

 









 

       
     

       
     





h

h

h

h h h

h h h

          (2.13) 

Now, we can rewrite the first series in (2.13) as 

 

1
1

1

1

11( , ) expexp .
q q

d y q q


   
 

 


 

                   

 
h

h                            (2.14) 

Now from ([4], Lemma 1), we have 

1

lim inf ( , ) .

q

q
q

d y y




 
  

 

h

h  

Hence, we have 
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 

1
1
1

11 1liminf ( , ) exp

q

q
q

d y q q


   
 







                       


h

h  

 
1
1

11 1liminf exp 0.
q

y q q


   
 






       
     

 

Therefore, in (2.14), the series converges to 2A  (where 2A  is positive real constant). 

Thus from (2.13), we obtain   

0 ( )

1 2

1
1

| | 1

( )

( , )

11( , ) exp

y X c

X c

M c f A c A c

d y c


  
 






  

                

 h

h

h
h h  

or  

  
 

0 ( )

1 2( , ) ( , ) exp ln 1
y X c

N c

M c f Ac A c d y c y c




      
h

h

h h  

or 

  0 ( )

1 2

1

( , ) ( , ) exp ln 1
y X cM c f Ac A c d y c y c





      
h

h

h h  

or 

0 ( )

1 2

1

1
( , ) ( , ) .

1

y X cM c f Ac A c d y
y





 
    

 


h

h

h                                                     (2.15) 

The series in (2.15) can be rewritten as 

1

1
( , ) .

1

q

q q

d y
y



 

  
      

 
h

h                                                                                         (2.16) 

So, we have 

1

1

1
liminf ( , ) 1.

1 1

q q

q
q q

y
d y

y y




 

   
           

 
h

h  

The series in (2.16), converges to 3A  (where 3A  is positive real constant). Thus from 

(2.15), we obtain 
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0 ( )

1 2 3( , ) .
y X cM c f Ac A c A    

Since  X c   as ,c  this inequality can be rewrite as   

     ln , 1 1 lnM c f o X c c     

or 

   
1

1

ln ( , ) [1 (1)]

ln 1 ln
1

M c f o

y c c


  





  

         

 

or 

   

   

1
1

1

ln ( , ) [1 (1)] ln 1
1

ln 1 .
1

M c f o y c

y c


  


 







           

  
 

 

Now, for suitably large values of ,c  we obtain using the properties of .  

     ln ( , ) [1 (1)] ln 1
1

M c f o y c


  


   
 

 

or 

 

  

  

 

ln 1ln ( , ) 1
[1 (1)] .

lnln

y cM c f
o

cc





 


       
 
 

 

Taking the limit as ,c  and using properties of ,  we obtain 

.   

Since 0   is arbitrarily small, at last, we obtain                                  

.                                                                                                                      (2.17) 

From (2.11) and (2.17), we obtain (2.6).  

The proof is completed. 
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