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Abstract

The aim of this communication is to treat a study on some new class of fixed
point theorems under self mappings in bi two metric and complete quasi
partial S;,-metric spaces with some conditions, which generalize some of the
existing results in the literature of fixed point theorems in that metric spaces.
We have also given some examples to explain our points.
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1. Introduction

In 1922, the well-known concept of contraction principle was first time introduced by

Banach [2]. This principle is one of the simplest and most useful methods for the

construction of solutions of linear and non-linear equations. Fixed point theory is a

beautiful mixture of mathematical analysis to explain some conditions in which

mapps give excellent solutions. This theory not only plays an important role in

existence problems in many branches of mathematical analysis but also helps inside

and outside the mathematics

In this paper, we consider the concept of a two metric space as considered by Gahler

[7] and prove some fixed point theorems in two metric spaces which generalize some

of the existing results on fixed point theorems in metric spaces to two and bi-two

metric spaces.

If X be any non empty set, equipped with two metric d, is said to be two metric space

(X, p) if p satisfies the following properties

I For the two distinct points x, y € X, there exists a point z € Xsuch that
p(x,y,z) # 0 and p(x,y,z) = 0 if atleast two of the three points are equal,
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ii. p(x,y,z) =p(x,z,y) =p(y,zx), foral x,y,z € X,
iii. p(x,y,z) < plx,y,a) + p(x,a,z) + p(a,y, z), forall x,y,z,a € X.

Now, we starts with some definitions:

Definition 1.1 Let X be a two metric space and T be a mapping of X into itself. Then
X is said to be T-orbitally complete if {TT™x} converges in X whenever {T"x} is
Cauchyin X, x € X.

Definition 1.2 A mapping T of a two metric space (X, p) into itself is said to be T-
orbitally continuous on X if p(T"x,u.a) - 0(i » o) implies p(TT"x,Tu.a) -
0(i » =), forall a € X.

Definition 1.3 Let (X, p) be a two metric space then it is said to be complete if every
Cauchy sequence is convergent in X.

Definition 1.4 A two metric space (X,p) is said to be bounded if the set
{p(x,v,2):x,y,z € X} is a bounded set of real number R.

Definition 1.5 A sequence {x,,} from a two metric space X is said to be converge to a
point x € X if p(x,,x,a) - 0 when n — oo for all a € X. If x, - x then we can say
x is a limit of {x,,}.

Definition 1.5 Let (X, p) be a two metric space then a sequence {x,,} from X is said to
be Cauchy sequence if p(x,,, x,,,a) = 0 when m,n — oo, for each a € X.

There exists many generalizations in the literature of metric spaces. Later, many other
researchers increase this idea and made more efforts in this particular area. For
instance, Mlaiki [8, 9, 10] and Sedghi [11, 12] proposed the fixed point theory in S-
Metric Spaces. Also, fixed point results in b-metric spaces were also studied by many
researchers [1], [3], [4], [5] and [6].

Definition 1.4 A mapping pj: X3 — [0, o), where X is a non-empty set, is said to be
partial S,-metric with coefficient t > 1 if whenever «,B,y,n € X having the
following conditions: (i) a =g =y if and only if p,(a,B,v) = pp(a, a,a) =
pn(B.B.B) = pn(v.v,v); (i) pula,a,a) <pp(a,By); (i)  ppla,aB) <
prn(B, B, a); (iv) pr(a, B,y) < tlpn(a, a,n) + pu(B, B,m) + pu (v, v, M1 —
prn(m,m,m). Then, the pair (X, p,) is called partial S,-metric space with coefficient
t>1.

Definition 1.5 In a partial S,-metric space (X, p): (i) A sequence {x,} is said to be
convergent to x if lim py, (x,, x,, x) = pn(x, x,x); (i) A sequence {x,,} is said to be a
n—-oo

Cauchy sequence in X if lim py(x,, x5, X,,) €Xists; (iii) A partial S,-metric space

n,m—oco
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(X, p) is said to be complete if for every Cauchy sequence {x,} in X there exists x €
X such that lim pp, (%, X, X) = pp(x,x,x) = lim  pp, (%, X, X))
n—-oo n,m—oo

Definition 1.6 A mapping pj: X3 — [0, o), where X is a non-empty set, is said to be
quasi partial S,-metric space with coefficient t > 1 if whenever a, 8,y,1n € X having
the following conditions: (i) « = 8 =y if and only if p,(a,B,v) = pp(a, a,a) =
ph(ﬁ’ :81 :8) = Ph()/,]/,]/), (”) ph(a’ a, C() < ph(a,,@,]/); (”I) ph(“lﬁf)/) S

t[Ph(a; a, T]) + ph(ﬁ; ﬁ) T]) + Ph()’; Y, 77)] - ph(n! n, n) Then’ the palr (X, ph)
called quasi partial S,-metric space with coefficient t > 1.

Example 1.7 If X ={0,1,2,3} and p,(p,q,7) = |g —p|> + lq —r|?> + |r — p|?> + p.
Now, we define T: X - X byT0=0,T1=0,T2 =1and T3 = 2. Ofcourse, p, is a
quasi partial S,-metric space on X. Apparently 0 is a unique fixed point for T.

2. Our Results

Theorem 2.1 Let (X, p) be a complete two metric space and let T; and T, be two self
mappings of X satisfying the condition p(T,x,T,y,a) < a; max{p(y,T;x,a) +
p(y, T2y, @)} +a; max{p(x, Ty, a) + p(x,y,a), p(x, T2y, a)} +azp(x, Ty x, a).For
all x,y,a€ X, a, +a,+az <1and a; + 2a, <1, then T; and T, have a common
fixed point.

Proof: Let (X,p) be a complete two metric space and let T; and T, be two self
mappings of X satisfying the condition (Tyx,T,y,a) < a; max{p(y,T;x,a) +
p(y' sz; a)} ta, max{p(x, sz' a) + p(x' Y a)' p(x' sz, a)} +a3p(x, Tlx' a)- Let
X, be an arbitrary point of X and we define the sequence {x,} of points of X such that
T1X2n = Xont1s ToXont1 = Xopgz, 120 We  have  p(xzni1, Xzn42,@) =
p(T1X2n, ToXons1, @) < ay max{p(xzp 41, T1Xon, @) +

P (X2ns1, ToXone1, @)} +a; max{p(xap, ToXone1, @) +

P (Xan, X2n41, @), P (Xont1, ToXons1, A} +azp(Xan, Tixan, @) =

a; max{p(Xznt1, Xan+1, @) + P(X2nt1, Xon2, A} +a; max{p(xap, Xon42,a) +
p(x2nf Xon+1s Cl), P(x2n+1: T2X2n+2, a)} +a3p(x2n' Xon+1» a) =

a1p(Xan+1 Xans2, @) + Q20 (Xzn41, Xon42, @) +

asp(xzn: Xon+1 AL €. p(Xon41, X2nt2, @) <

p(Xzn Xan+1, @) L €. p(X2nt1, Xont2, @) < hp(xop, X2ne1,@)  Where  h =

<1

1a—a

Again,a; +a, +az <li.e.a3 <1—a; —a, that means h =

1-a,—a, 1-a;—a,
Sothat  p(xzn11, X2nt2, @) < hp(Xap, Xans1, @).  ObViOUsly  p(Xzni1, Xoni2, @) <
h2p(x3n, Xon41,a), and so on. Hence < h?"*1p(x,,x;,a) = 0 when n — oo, since
h < 1. Thus the sequence {x,} is a Cauchy sequence from X. Now, since X is
complete. So z € X such that log,_,. x, = z. Now, we have to show that z is a
common fixed point of T; and T,. That means T, (z) = T,(z) = z. Now, we have
(T1ZJ X2n+2 a) = p(le' T2x2n+1' (1) = a; max{p(x2n+1' le, a) +

p(X2ns1, ToXone1, @)} +a; max{p(z, ToxXon 41, @) +
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(2, Xon41, @), P(X2ns1, ToXons1, @)} +aszp(z,Tiz,a). Taking limit as n - o both
sides we obtain (Tyz,za) <a,;p(z,Tyz,a) + azp(z,Tyz,a) i.e.p(Tyz,z,a) <
(a; +a3)(z,Tiz,a) i.e.Tyz = z, since (a; + az) < 1. Now, when p(x3,41,T22, @)
we obtain the result T,z = z. Hence T,z = T,z = z. Thus, z is a common fixed point
of T, and Ts.

Theorem 2.2 Let T be a self mapping of bi two metric space (X, p, p;) satisfying the
following conditions (i) p,(x,y,a) < p(x,y,a), for all x,y,a€ X, (ii) X is T-
orbitally complete with respect to p,, (iii) T is orbitally continuous with respect to p,,
and (iv) There exists a real number r € (0,1) such that

alp(xr Tx: a)P(Tx» Ty’ a) + azp(x, Y, a)P(x: Tx, a) + a3p(x, Y, a)P(Y: Ty’ a)
ta, [p(x! Y, a)]Z + aSp(xi Tx, a)P()’: Ty, a) -
min{p(x,y,a)p(x,Tx,a), p(x, Ty, a)p(y, Tx, a), p(x, Tx,a)p(y, Ty, a), p(y, Tx, a)p(y, Ty, a) }
< Bp(x,y,a)p(x,Tx,a)
where a, 8 € R such that ¥?_,a; > B and f —a, — a, = 0. Then for each x € X
there exists a sequence {T™x} converges to a fixed point of T.
Proof: Let X be a bi two metric space equipped with two metrics p and p;. Let x, €
X. Now, we define a sequence {x,}, where x,, = T"x,. If for some n,x,, = x,41 =
Xn4o then x,, is a fixed point of T. Let x,, # x4 # Xp4, fOr every n > 0. Now, from
the given condition, taking X =Xp_1,Y = Xn we obtain
alp(xn—lr Xn a)p(xn' Xn+1r a) + a2p(xn—1' Xn a)p(xn—lﬂ Xn a) +
3P (Xn—1, Xp, QP (X, Xn1, @) + au[p Xy, Xppiq, @))% +
a5p(xn—1! Xn a)p(xn' Xn+1) a) - min{p(xn—lﬂ Xn a)p(xn—l' Xn, a):
P (n—1, Xn41, AP (X, Xy, @), p(Xpp—1, X, @) P (X, Xppi1, @), P (X Xy, a)p(xn: xn+1,xn+2)}
< Bp(xn, Xn—1, )P (Xn_1,Xn, @) L. €. (a1 + az + a5)p(Xpn_1, Xp, AP (Xn, Xpp1, @) + (az +

a)pCen_q, xn, 1 = [pQn_1, %n, A1 < Blptn_1, %, A)? i . (a1 + a3 + @5)p(Xn_1, Xy,
B-a;,—a,+1)
(ay + az + as) P
(xn X @] ie. p(ty Xpig, @) < TPy 1, %, @)] where 7= E2%2=%¥D o,
(a1 +az+as)
>,a; >0, and B—ay,—a, =0. It implies that r<1. That means
(xn: Xn+1 a) < r[p(xn, Xn+1s a)l i.e. ,D(Xn, Xn+1r a) <
T[,D(.xn_l, Xn a)] tL.e. P(xn: Xn+1 Cl) =< rzp(xn—Z' Xn—1s a) <= rn(XOJ xla)-
Agaln, now p(xn' Xn+mo a) = p(xn' Xn+ms xn+1) + p(xn: Xn+1 a) +
P(Xnt1, Xnim @) = P(Xn, Xns1, Xnam) + P(n, Xng1, @) + p(ng1, Xpam @) =
P(xn, Xn+1s xn+m) + ,D(Xn, Xn+1s a) + p(xn+1' Xn+ms xn+2) + p(xn+lr Xn+2 a) +
p(%Xp42, Xnem, @) = ---and so on. Hence

p(xn' Xn+mo a) < p(xn' Xn+1 xn+m) + P(xn, Xn+1s a) + p(xn+1: Xn+mo xn+2) + p(xn+1 Xn+2, a)
n+m n+m

a)p(Xp, Xpi1,@) < (B — ay — ag + D) [p(xp_1, Xp, a)l? i.e.p(xp, Xn41,@) <

+ "'p(xn+m—2'xn+m—1:xn+m) + p(xn+m—1:xn+m: a) = Z r p(xo:xlwxn+m) + Z
k=n
p(x,x1,a). Now, p is bounded. So p(x y,a) < N for some real number N > 0.

p(Xp, Xy, @) < 2N Ypimypk < ZNE — 0 when n — oo, since r < 1. This implies
{x,} is a Cauchy sequence in (X, p;). Now, X is T-orbitally complete with respect to



Fixed Point Theorems in Bi Two Metric Spaces and Quasi 13

p1, there exists s € X such that lim x, = s. Again, T-orbitally continuous with
n—->oo
respect to p; and this implies that Ts = lim T"*1x = s. Hence s is a fixed point of T.

n—-oo

Theorem 2.3 Let T be a self mapping of bi two metric space (X, p, p,) satisfying the
conditions (i) p;(x,y,a) < p(x,y,a), forall x,y,a € X, (ii) X is T-orbitally complete
with respect to p,, (iii) T is orbitally continuous with respect to p;, and (iv) There
exists a real number r € (0,1) such that:
min{p(x, Tx, a)p(Tx, Ty, a), p(x,y, )p(x,Tx,a), p(x,y, A)p(y, Ty, ), [p(x, y, a)]?,
p(x, Tx,a)p(y, Ty, @)} — min{p(x,y,a)p(x, Tx, a), p(x, Ty, a)p(y, Tx, @), p(x, Tx, A)p(y, Ty,
a),p(y,Tx,a)p(y,Ty,a)} < rp(x,y,a)p(x,Tx,a) for all distinct x,y.a € X there
exists a sequence {T™x} which, converges to a fixed point of T'.

Proof: Let X be a bi two metric space equipped with two metrics p and p;. Let x, €
X. Now, we define a sequence {x,}, where x,, = T"x,. If for some n,x,, = x,41 =
Xn4o then x,, is a fixed point of T. Let x,, # x4 # Xp42 fOr every n > 0. Now, from
the given condition, we achieve

min{P(xn—1: Xn a)P(xnr Xn+1 a)r p(xn—l' Xn, a)p(xn—lr Xn, a)r P(xn—lr Xn, a)P(xru Xn+1, Cl)
[p(xn—l' Xn, a)]Z’ p(xn—1; Xn, a)P(xn' Xn+1 a)} - min{p(xn—lf Xn, a)P(xn—l; Xn, a): P(xn—1.
xn+1'a)p(xn' xn' a)' p(xn—lﬂxn: a)P(xn,an:a): p(xntxn: a)p(xnxxn+1:a)} S rp(xn'xn—li a)
p(p—1, %y, @)i. e.minfp (X1, Xn, AP O, Xnt1, A, 1P (n—1, %) A%, p(Xn—1, Xn, AP (X X4 1,
a) [p(xn—l' Xn, a)]z’ P(xn—pxm a)P(xn, xn+1: a)} - min{[P(xn—p Xn, a)]2’ p(xn—1: Xn, a) p(xn:

xn+1' a)} < T[P(xn—l,xn, a)]2 i.e. min{P(xn—pxm a)p(xn: xn+1t (1), [p(xn—lixn: a)]Z} < r[P
(e, X % I [p(Xp_1, X, @)]? < 7[p(x—1, X5, @)]? then we have g > 1, which
contradicts our assumption that r € (0,1). Hence p(x,_q1,%xn, @)p(Xp, Xpi1, @) <
r[p(xp_1, Xn, a)]?. That means p(x,, Xp41, @) < 70(Xp_1, Xn, @). Now, by symmetry
we can proceed p(xn, Xpi1, @) < 12p(Xp_z, X1, a) similarly < r3p(x,_3, Xp_z, @)
and hence, <1r"p(xy x;,a). Now, on the other hand p(x,, Xpim @) <
p(xn' Xn+m» xn+1) + p(xn' Xn+1 a) + p(xn+1' Xn+m» a) = p(xn'

Xnt1 Xnam) T PO Xns1, @) + P(Xnt1, Xngm @) = P, Xna1, Xnam) + p(Xn, Xnyr, @) +p

(xn+1: Xn+ms xn+2) + p(xn+1' Xn42, a) + p(xn+2' Xn+mo a)=--le. ,D(Xn, Xn+mo a) < ,D(Xn,

Xn+1» xn+m) + P(Xn, Xn+1, a) + p(xn+1v Xn+m» xn+2)k+ p(xn+1' Xn+2, a) +et p(xn+m—2:
_ \y'n+m

Xn+m—1» xn+m) + p(xn+m—1' Xn+mo a) = Lk=nT p(xo'xl'xn+m) +

Mk p(xo, x4, a). Now, since p is bounded that means p(x,y,a) < N for some
real number N > 0. Hence, we can achieve the p(x,, Xpim @) < 2N YriMmyk <

k
ZNﬁ — 0 when n — oo, because r < 1. This shows the resulting that {x,} is a

Cauchy sequence in (X, p;). Now, X is T-orbitally complete with respect to p;. So,
there exists s € X such that lim x,, = s. Again, T-orbitally continuous with respect to
n—-oo

p, and this implies that Ts = lim T"*1x = s. Hence s is a fixed point of T.

n—-oo

Example 23.1 If X =R,, and r > 0 be a constant and p;,p: X XX XX = R,
defined by p(x,y,z) = [max{x,y}]" + |max{x,y} —z|" for all x,y,z € X. Then
(X, p) is a metric space with coefficient n = 2r > 1, but it is not a S-metric space.
Indeed, for x =5, y=2, z=1, u=4 we have p(x,y,z)=5"+4" and
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ple,y,w)+pyw) +pi1(z,z0) + p(u,u,u) =5"+1+3"+1+14+3" —

4" =57 + 2 x 3" +3—4", hence p(x,y,2) > plx,y,u) + p(y,y,u) +
p1(z,z,u) + p(u,u,u) for all » > 0. Hence, this is an example of bi two metric
space.

Theorem 2.4 Let(X, p;,) be a complete quasi partial S,-metric space with coefficient
t>1and T:X - X be a mapping satisfying the following condition for all «, 8,y €
X, pn(Ta,TB,Ty) < Amax{py(a, B,v), pn(a, &, Ta), pr(B, B, TB), pr (v, v, TY)}
where, 0 < 1< % Then T has a unique point ¢ € X with p,(c,c,c) = 0.

Proof: Very first, we prove the uniqueness of fixed point of T if exists and ¢ be a
fixed point of T then p;,(c,c,c) = 0. Let x,, x, € X be the two distinct fixed point of
T. That means Tx; = x; and Tx, = x,. Let us suppose that p, (x;, x1,x;) > 0. Then
from the given condition we have as follows pj(xq,x1,%1) = pn(Tx1, Txy, Txy) <
App (x4, %1, %1) < pp(xq,x1,x,) and that shows a contradiction. Hence
pn(x1,x1,x1) = 0 by symmetry we can say that p, (x,, x5, x,) = 0. Again, from the
given condition Pn(x1,%1,%1) = pp(Tx1, Txy, Txy) <
Amax{py (x1, X1, X2), Pr (X1, X1, Tx1), pp (2, %2, Txz)} =

Amax{py (xq, X1, X2), pr (X1, X1, X1), P (X2, X2, X2)} = App (x4, X1, X5) <
pn(x1,x1,x,). Therefore p,,(xq,x1,%5) = pn(x1, x1,%x1) = pp(x, x5, x,). Obviously,
X1 = Xyp.

Now, we shall prove the remaining part of the theorem. So assuming that 9, € X be
an arbitrary and define a sequence {9;} by 9,,, = T, forall i € N U {0}. Now,i € N
then from the given condition we achieve the following result p,(9;,9;,9;+1) =
pr(TO;—1, T9;1, TY) <

/1max{ph(t‘?i_l,19i_1,19i),ph(19i_1,19i_1, Tﬁi_l),ph(ﬁi,ﬁi,Tﬁi)} and this will be equal
to  Amax{pp(¥i-1,9i-1,9:), Pn (91, 91, i41)} = pn (93, 91, ¥i41)  which is  a
contradiction. Hence, pn, (9;,9;,9i+1) < Apn(9;_1,Y;-1,9;). in such a manner we can
achieve p, (9;,9;,9i41) < A'pp(99,99,91). So, for all i € N, pp(9i11,9i41,9;) =
pr(T9;, T9;, TY; 1) <

Amax{pp (9;, 9;,9i-1), Pn (91, 93, TY;), pr(9i-1,9i-1, TY;-1)} =

Amax{py (93, 93, 9i-1), Pn (95, 01, i41), Pr (Fi—1, Y51, TY;—1) }. If
max{pn (J;, 9i, 9i-1), Pn 1, 9, Vi), P (911, 01—, 9D} = pr (81, 01, 9i-1) then
PnOir1, 9141, 91) < App (9, 9;,9;_1). Hence, pp (9541, 9541, 91) < Alpp (91,91, 9p). If
max{pp (9;, 93, 9i-1), P (91, 91, Fi41), P (9i-1, 9i-1,91)} = pn (I, 9, ¥i41) then using
the equation ph(ﬁifﬁi'0i+1) = 2'lph(190'190'191) we get ph(ﬁ.i+1'19i+1'19i) =
Ao, (99,90,9,). Similarly for the rest case pp (941, 9ir1,9;) < A pp (99, 99, 91).
For l,] € N with ] > i, ph(ﬁi'ﬁi'ﬁj) < t[th(ﬁi,ﬁi,ﬁiH) + ph(ﬁjJﬁj'ﬂi+1)] -
PhBis1, Bii1 Bi1) = 2tpp (03, 05, Vi4a) + t[ 2601 (95,9, 9142) +

tpn (D41, 9141, Viv2) = 200 Bivas B2, 9141)] =

Ca_ j—i—1
2t/11%max{ph(ﬁo,ﬁo,191),ph(191,z91,190)}. Passing through limits we have

lim pp, pn(9;,9;,9;) = 0. Thus {9;} is a Cauchy in (X,ps). Since (X,pp) is
i,j—>o
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complete. So there exists ¢ € X such that lim p, (9;,9;,¢) = lim p,(9;,9,,9;) =
{—00 i,joo0
pr(c,c,c) = 0 and this gives the result lim p; (c, c,9;) = 0. Lastly, we show that c is
L—> 00

the fixed point of T. For all i € N. Now, p,(c,c,Tc) < t[2p,(c,c,9;41) +
pr(Tc,Tc,TY;)] — prn(Fis1,Viv1,iv1) = t2pp(c, c Oi50) +
Amax{p,(c,c,9;),pnc,c,Tc), pn(9;,9;,9:41)}]  that  means  p,(c,c,Tc) <
Atpy(c,c,Tc) < py(c,c,Tc) which is a contradiction. i.e.p,(c,c,Tc) = 0. Now,
pn(c,c,Tc) <

3tp,(Tc, Tc, TY;) = 3tAmax{p;(c,c,9;), pn(c,c,Tc), pn(9;,9;,9i+1)}. Now,
applying the limit p,, (Tc,Tc,Tc) = 0. Thus, Tc = c.

Example 2.4.1 If X ={0,1,2,3} and py(a,b,c) =|la—b|?+|b—c|®*+|c—al* +
a. Ofcourse, p;, is a quasi partial S;,-metric space on X with coefficient t = 2. (X, p;,)
is not a partial S;,-metric space because p,(1,1,2) # pn(2,2,1). Also (X, py,) is neither
a S-metric space, since p,(2,2,2) # 0, nor a partial S-metric space because
ph(01013) > ph(0,0,l) + ph(0,0,l) + ph(3,3,1) + ph(l:l:l)
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