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ABSTRACT

In this paper, some new sufficient conditions for the oscillation of all
solutions of first order nonlinear neutral delay difference equations
with variable coefficients of the form

A[r(n)(a(n)x(n) +p(n)x(n — T))] + q(n)f(x(n - a)) =0, n
= Ng; (*)

are established. Our obtained results extending and / (or) improving
some well known results in the literature. Our main results are obtained
by using some inequality techniques. Some illustrative examples are
also included.
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1. INTRODUCTION

In this paper, we consider the following first order neutral delay difference
equations with variable coefficients of the form


mailto:amurugesan3@gmail.com

2 A. Murugesan, R. Suganthi

A[r(n)(a(n)x(n) +p(n)x(n — T))] + q(n)f(x(n — a)) =0, n=nygy (1)

where Ais the forward difference operator defined by Ax(n) = x(n+ 1) — x(n),
{r(m)}, {a(m)}, {p(n)} and {gq(n)} are sequences of positive real numbers defined on
N(no) = {no, nO + 1, } .

Throughout this paper the following conditions are assumed to be hold.

(i) there exists constants ay, p, and p, such that a(n) < ayand < py < p(n) <
p1 < ]
(ii) T and o are positive integers;
(iii) f:R — R is a continuous function satisfies uf(u) > 0 for u # 0 and there
exists a positive constant k, such that
f8 5 k>0
u
Let us choose a positive integer n* > max{r, ¢}. By a solution of (1) on
N(ny) = {ng,ny + 1, ...}, we mean a real sequence {x(n)} which is defined on n >
ny —n* and which satisfies (1) for n € N(ngy). A solution {x(n)} of (1) on N(n,) is
said to be oscillatory if for every positive integers N, > n, there exists n = N, such
that x(n)x(n + 1) < 0, otherwise {x(n)} is said to be nonoscillatory.

The oscillatory behavior of difference equations has been intensively studied
in recent years. Most of the literature has been concerned with equation of type (1)
with r(n) = 1 and a(n) = 1 (see [1-10] and reference cited there in). But very little
is known regarding the oscillation of first order neutral delay difference equations
similar to (1). The purpose of this paper is to study the oscillatory properties of (1).

In the sequel, unless otherwise specified, when we write a functional
inequality we shall assume that it holds for all sufficiently large value of n.

2. AUXILIARY LEMMAS

In this section, we give some useful lemmas which will play an important role
in the study of the oscillation of (1).

Lemma 2.1. [4] Assume that {g(n)} is a sequence of positive real numbers and o is a
positive integer. Then the difference inequality

Ax(n) + qn)x(n—0) <0, n=n, (2)
has an eventually positive solution if and only if the equation

Ax(n) +qn)x(n—0) =0, n=n, 3)
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has an eventually positive solution.

Lemma 2.2. Assume that

n+o

limsup Z q(s) > 0. (4)
n—-o0o s=n
If {x(n)} is an eventually positive solution of the delay difference equation
Ax(n) + g(n)x(n—o0) =0, n = n, (5
then
liminf X9 o 6
— <
it x(n) ' (6)

Proof. In view of the assumption that there exist a constant d > 0 and a sequence
{n;} of integers such that n, - o as k — oo and

ng+o

2 q(s) >d, k=123,..

S=Np

Then there exists &, € {ny, nk4q, ... Nk4} TOr every k such that

fk d ng+o d
z a(s) = 5 and z a(s) 2 5, %)
S=ng s=&k

Summing the equation (6) for n to &, and &, to n, + o, we find

$k
X+ D = x(m) + ) q(s)x(s =) =0 ®
and
x(ng—o +1)—x(ng) + Z q(s)x(s—o0) =0. 9
s=¢k

By omitting the first terms in (9) and (10) and by using the decreasing nature of
{x(n)} and (7), we find

—x(ng) + %x(g‘k -0)<0

and
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d
~x2(§) +5x(0) < 0
or
x@—0) _ (3)2 |
x(§x) d
This completes the proof.

Lemma 2.3. Assume that o > 1, r(n) =1, and

n+o—-t
limsup Z q(s) > 0. (10)
n—->oo Ss=n
Let {x(n)}be an eventually positive solution of the equation (1). Set
z(n) = a(m)x(n) + p(n)x(n — 7). (11D
Then
Y _fz(n—0+r)< 12
_— 00,
i) z(n) (12)

Proof. In view of (1) and (12), we have z(n) > 0 eventually and decreasing. From
(12), we get

zin+1)=an+1t)x(n+ 1)+ pex(n) (13)
and
p(n)x(n—1) = z(n) —a(n)x(n) = z(n) — apgx(n). (14)
Since {z(n)} is decreasing, we have z(n) > z(n + 1) which implies with (13) that
z(n) = pox(n)
or

x(n) < z(n).
Po

Using the above inequality in (14), we obtain

p)x(n - 1) > 2(n) — 22
Po

or

pix(n—1) > Z(n)(z;(; — %)
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or
x(n—1) > z(n)(po — ao).
P1Po
Hence
(Po — ao)
x(n—o0)=>—z(n+1—0). (15)
P1Po
From (1) and (15), we get
k —
Az(n) + Mq(n)z(n +7—-0)<0. (16)
P1Po
By Lemma 2.1, we find that the equation
k —
Az(n) + Mq(n)z(n +17—0)=0 (17)
b1Po

has an eventually positive solution as well.
As aresult, by Lemma 2.2 and (10), we have

. zn+1t—0)
liminf ——— <
e z(n)

which is the desired result.
The proof is complete.

Lemma 2.4. Assume that ¢ > 7, and r(n) = 1. If (1) has an eventually positive
solution, then

n+o—-t
P1Po
S ) K —m— 18
; 1) ko(po — aop) (18)

for all sufficiently large n.

Proof. Proceeding as in the proof of Lemma 2.3, we again obtain the inequality (16).
Summing (16) from n ton + o — 7, we get

n+o—t

z(n—r+a+1)—z(n)+M Z q(s)z(s—o+1)<0.
P1Po pore}

Using the decreasing nature of {z(n)}, we get

zm—14+0+1) —z(n)+%z(n) ; q(s) <0.

1F0
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Then

n+o—t

Z(n—‘r+a+1)+(0(po—p%) Z (s)—l)z(n)<0.

P1

Hence for all sufficiently large n, we get

n+o—-t
__Pibo
(s) <
Z 1 ko (Po — ao)’

which is the desired result. The proof is completed.
3. OSCILLATION OF SOLUTIONS
Theorem 3.1. Assume that ¢ > 7 and r(n) = 1, and (11) hold. If

3 qin (ek"(p" % N <s>>—oo (19)

n=ng s=n+1
Then every solution of (1) oscillates.
Proof. Assume the contrary. Without loss of generality we may assume that {x(n)} is

an eventually positive solution of (1). Set z(n) as in (11). Then {z(n)} is eventually
positive and decreasing. Also {x(n)} satisfies the inequality (16). That is,

Az(n) + Mq(n)z(n +7—0)<0.
P1Po
Define the sequence {u(n)} as
_ —Az(n)
u(n) = 2

Then {u(n)} is eventually nonnegative. So, there exists n, > n, with z(n,) > 0. We
can easily show that

n-1

Az(n) < z(n,)exp (— z q(s) |

S=nq

Moreover, {u(n)} satisfies

u(n)ZMq(n)exp< Z u(s)). (20)

By using the inequality
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In(er)
e >x+ , x, 7 >0,
T

we have from (20),

n-—1
ko(po — ao) C(n)
u(n) = Wq(n)exp (ﬁ Z u(s))

n-1
ko(po — ao) 1 In(eC(n))
= om <c<n>s=;_o“(s)+ cw )
where
ko(po — ao)nm '
C( )-_ P1Po szg;l
Therefore,
u(m) Z a(s) — a(n) z u(s)>q(n)1[ by — ) Z a(®)|.
s=n+1 S=n+t—-o0 s=n+1
Henceforé >N+o—1
-1 n+o—1 $-1 n-1
Zu(n)[Z q(s)]—Zq(n)( > u(s))
Zq(n)l (eko(Po ap) Z (s))

By interchanging the order of summation, we have

$-1 n-1 $+1-0-1 n-t+o
Yam D u®z Y um ) a).

Combining (21) and (22) leads to

§-1 n—t+o n+o-t
> um Y q(s)>zq(n>1 [ bolbo ~ 40) q(s>].

n=¢+1-0 s=n+1

Using (18) of Lemma 2.4 in (23), we obtain
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§-1 ko ( ) ko ( )n+a T
Ko\Qo — Po) eko(Po — Ao
n;ﬁ_auoo_ — Z (n)In ( Z (s)>

or

z(§+1—0) _ ko(po— ao) eko(po — ao)n+J ‘
In z(n) = bP1Po Z a(m)n [ Z (S)]

s=n+1
This result along with condition (20) leads to
. zn+t—0)
lim —————— = oo,
n—»oo Z(Tl)
which contradicts (12) and completes the proof.

Theorem 3.2. Assume that ¢ > 7, and Ar(n) > 0. If

n+o-t

0 < C <liminf & (24)
T oo T'(S -0+ T)
S=n
and
. n+o—-t
Z q(n) In eko(po — ao) L = o (25)
r(n+1—0) P1Po rs+r-0) |
=, s=n+1

Then every solution of (1) oscillates.

Proof. For the sake of obtaining a contradiction, without loss of generality, we assume
that {x(n)} is an eventually positive solution of (1). Set z(n) as in (11). Then {z(n)}
is positive and decreasing. Proceeding as in the proof of Lemma 2.3, we get

A(r(n)z(n)) + Wq(n)z(n +17—0)<0. (26)
1Po
Set
y(n) =r(n)z(n) (27)

using this in (26), we get

ko(po — ao) q(n)
Ay(n) + e Tt —0) yin+1t—-0)<0. (28)

Set

Ay(n)

A ==Jay

(29)
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Then A(n) > 0 eventually and (A(n)) satisfies the inequality

A(n) = ko(Po ~ o) ) exp( Z l(s)). (30)

P1Po rin+1—o0)

S=n+t—-0

Applying the inequality

In(er
e™ >x+ (er)

— )

x, v >0,

to (30) yields that

koo —a0) [ q(n) n <
A= <r<n+r—o)> p(D() ) “”)

ko(po — ao) q(n) ln(eD(n))
= ( pipo )(r(n = a)) (D(n)s Z R TCy )
where
_koo—a) "N q(s)
b(m) = P1Po Z r(s +1—-0) D
Therefore,
n—-t+o (S) q(n) n-1
Aln )S; r(s+t—0) r(n+t—o0) S:,;_UA(S)
am <eko(p0 —a)) ' () )
> n :
rm+t—o0) P1Po s r(s+t—o0)
Hence,forn >N+o—1
n-t+o n-1
_q(s) _qn)
nZN Am) Z r(s+r—a) n; r(n+r—a)s ; 0/1( 9)
n-1 n+o-1
q(n) eko(po — ao) q(s)
= n; rln+1t—0) In ( P1Po s r(s+t— U)>' (32)

By interchanging the order of summation, we have
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n-1 n-1 n+t—-o—1 n-t+o
> > o)y aw Y ZIO @

n=N S=n+t—-0 n=N,
From (32) and (33), we have
n—t+o
Z A Z q(s)
r(s +1—
n=n+t—o
n-1 n+o—
q(n) eko(po—a) o q(s)
> Z In ). (34)
rn+t—o0) P1Po r(s+t—o0)
=N s=n+1
Using (18) in (34), it follows that
n—-1
Z A(n)
n=n+t-o
77_1 —T+
_ koo — ao) am) | (eko@o—a0) N 4(s)
 DP1Do nler(n+T—0') P1DPo S=n+1T(5+T—0) ’
or
1 y(n+1—o0)
n—
y(m)
77_1 —T+
_ oo — ao) am) | (eko@o—a0) N 4(s) %)
~ Pibo L r(n+1-0) P1Po L r(s+t—0))
n=N, s=n+1
From (35) and (25), we have
o y(n+t—-0)
lim ———— = = oo, 36
e ym) (36)

On the otherhand, from condition (24), there exists a sequence {n,} of integers, n;, —
oo as k — oo, and there exists ny, € {ny, n, + 1, ...n, + ¢ — 7} for every k such that

ny Ng+o—T

q(s) C q(s) C
Zr(s+r—a)25 and Z r(s+r—a)2§' (37)

s=ny s=ny,

Summing both sides of (28) from n,, to n;,, and n;, to n, + ¢ — t, we have
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ng
ko(po — ao) q(s)y(s+t—0) <0
P1Po . r(s+t—o0)
S=Np

y(me +1) —y(ny) + (38)

and

y(n +o—1+1) - y(ng)
ng+o—1t

N ko(po — ao) q(s)

P1DPo oy T(s+T—0)
S—le

y(s+t—0)<0. (39

Using the decreasing nature of {y(n)}and from (37), (38) and (39), we get

ko(po — ao)C
—y(ng) + ————y(n, +1t—0) <0
y\ng 2p1Po y(ng )
and
ko(po — ao)C
—y(n;) + ——y(ny) < 0.
y(ny 20100 y(ny)

This implies eventually

y(ie+1-0) _ ( 2p1po )2
y(ny) ~ \ko(po —ag)C/ "’
which is a contradiction with (36). The proof is complete.
4, SOME EXAMPLES
In this section we give some examples to illustrate our results.

Example 4.1. Consider the following first order neutral delay difference equation

A[%x(n)+(2+%)x(n—2)]+§<2 +1+

ey 3)x(n —4)(2+x*(n—4))
=0;

n=4 (40)

we have r(n) =1, a(n)=%, q(n)=§(2+%+$), T=2, 0=
4, pn) =2 +% and a(n) =% f(x(n - 4)) =x(n-— 4)(2 +x%(n— 4)). We
caneasily seethat kp =2and1 <2 <p(n) < 3 < oo,

Now

oo k _ n+o—-t
Zq(n)ln(% > q(s))
n=4

s=n+1



12 A. Murugesan, R. Suganthi

O (T I (- PR U T B
KL G el n+1 n+2 n+3

By Theorem 3.1 every solution of (40) is oscillatory. One such solution of (40) is
x(n) = (1™

Example 4.2.Consider the following first order neutral delay difference equation
1 1 2
A [n <Ex(n) + (2 - E) x(n— 1))] + §(2n —Dx(n—-3)(2+x*(n—3)) =0;

n>3. (41

Clearly, r(n) =n, a(n) = %, p(n) =2 —%, qg(n) = §(2n -1), =1 o=
3 and
f(x(n—=3)) =x(n—3)(2+x%(n—3)). Wecansee that kg = 2,1 < g <pn) <
2<oand a(n) = % Now
n+o—-t n+2
2 2s—1
liminf L = —liminfz ( SS )

n-oo rs+t—0) 3 now
s=n S=n

n+2

2 3
= 3 liminf (2 + )

n—-oo s—2

s=n

= Stiminf( S +3>
_3‘75313 n—-2 n-1'n

=4>0.
Also,

i am) | (ekoo—a0) " a(s)
. rn+t—o0) P1Po s r(s+t—o0)

=3 (A (2 (e 24 D)

n=3
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Sty

n=3

= O

Hence all the conditions of the Theorem 3.2 are satisfied and so every solution of (41)
is oscillatory. One such solution of (41) is x(n) = {(—1)"}.
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