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ABSTRACT

In this paper, we obtain the general solution and the
generalized Ulam-Hyers stability of Degen-Graves-Cayley -Eight
Squares (DGC’s) quadratic functional equation of the form

8 8
(Zf (Xi)J(zf (yi)j =f (X1Y1 =X Yo = XY3 = XYy — XsYs = XY — X7 Y7 — 8y8)

i1 =
+Ys)

+f( X, ¥, + XY, + X, Vs = XYy + X Ve — X Ve + Xe V7 — X, Vg
+ F (XY =X, Yo + X Y5+ X Ys + X Vs + Xg Yo — XYy — 8)
+ (XY X Ys =% Y + X Vs + Xg Vs — %, Vs + Xs Y7 — XsYs)
+ T (XYo = X6Y2 =X Ys = XgYa +X1Ys + X, ¥o + XYy + X, Y)
+ F (X6 Yy + %Yo = Xe Y5 + X, Y4 — XY + X, Y5 = Xs Y7 +%Y5)
+ F (XY, + X Yo + X5 Y3 = Xg Vs — XsYs + X Vo + X Y7 — X, )
+ 1% )

Vi =X Yo + X Y3t X5 Yy = Xy Y5 = XY + X0 Y7 + X Vs
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in quasi-Banach algebras using direct and fixed point methods.
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1. Introduction

The stability problem of a functional equation was first posed by Ulam [41]
concerning the stability of group homomorphism which was answered by Hyers [21]
for Banach spaces. Hyers’ theorem was generalized by T. Aoki [2] for additive
mappings and by Th.M. Rassias [36] for linear mappings by considering an
unbounded Cauchy difference. The paper of Th.M. Rassias [36] has provided a lot of
influence in the development of what we call generalized Hyers-Ulam stability of
functional equations. A generalization of the Th.M. Rassias theorem was obtained by
P. Gavruta [18] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassia’s approach. In 1982, J.M. Rassias [31] followed the
innovative approach of the Th.M. Rassias theorem [36] in which he replaced the

factor || x[|I” +[l ylI” by [ x[IP[ y|I* for p,qeP with p+q=1.

In 1994, the above stability results were further extended by P. P. Ga vruta
[18] who considered a more general control function in the real variables x,y for the

unbounded Cauchy difference in the spirit of Th.M. Rassias’ stability approach. In
2008, a special case of Ga vruta theorem for the unbounded Cauchy difference was
obtained in [37] by considereing the summation of both the sum and product of two
p— norms.

The quadratic function f (x) = cx? satisfies the functional equation
f(x+y)+ f(x—=y)=2f(xX)+2f(y) (1.2)
and therefore the equation (1) is called quadratic functional equation.

In 2014, M. Arunkumar and S. Karthikeyan [4] introduced and investigated
the Ulam-Hyers stability of Brahmagupta quadratic functional equations

(f 0u) +nf ) XF (%) +0f (%)) = £ (X 20X, )+nf (XX, F X% ) (1.2)
on non-Archimedean Banach algebras using direct and fixed point methods.

In 2015, John M. Rassias, M. Arunkumar and S. Karthikeyan [33] introduced
and proved the generalized Ulam-Hyers stability of Lagrange’s quadratic functional
equation
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I<i<j<n

where n is a positive integer in Lie C”-algebras using direct and fixed point
methods.

Recently, John M. Rassias, M. Arunkumar and S. Karthikeyan [34] obtain the
general solution and the generalized Ulam-Hyers stability of Euler’s quadratic
functional equation of the form

[Zf (X )](Zf (y, j lel —X3Y; _X4y4)+ f (X1y2 +X ¥, + XY, _X4y3) (1.4)
(leS =X Y, XY, + X4y2)+ f (X1y4 + X Y3 = XY, +X4y1)

in JC™-algebras using direct and fixed point methods. An application of this
functional equation is also studied.

In this paper, we obtain the general solution and the generalized Ulam-Hyers
stability of Degen-Graves-Cayley -Eight Squares (DGC’s) quadratic functional
equation of the form

(gf(xi)j(gf(yiﬂ F Y2 = %Yo = XY = XYy = Xs¥s = XsYe =X, Y7 —XgYs )
+ T (Y0 X Yo+ XY =XV X6 Ys = X6 Yo + XY =%, Yg)
+ F (XYL =X, Yo + X Y5+ XYy + %, Vs + X Vs — X6 Y7 — Xs Vg ) (L5)
+ (XYL + XY =X Y3 + X, Yy + X Ys — X, Y + X6 Y7 — XsYg ) '
+ F (XYL = X6 Yo = Xo Ya = Xe Y + X, Y5 + %o Y + X5 Y7 + X, Y5 )
+ F (XYL + X6 Yo = XgYs + X, Yy — X Vs + X Y — 4%+&%)
+ (XY, + X Yo + X5 Ys — X5 Ya = Xg¥s + X, Yo + X, Y7 — %oV )
+ F (XYL =X Yo + X Ya + X5 Ya — X4 Vs — Xg Yo + X, Y7 + % Y5 )

in quasi-Banach algebras using direct and fixed point methods.

2. Preliminaries

We now give some basic definitions concerning quasi-Banach space and
some preliminary results.

Definition 2.1

Let X be a real linear space. A quasi-norm is a real-valued function on X
satisfying the following:
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(1) |X|>0 forall xe X and ||x| =0 ifand only if x=0.
2 ||#x| =|A||x| forall 2eP and forall xe X .
(3) There isaconstant K >1 such that |x+y| > K(“x||+||y||) forall x,ye X.

The pair (A, || is called a quasi-normed space if .| is a quasi normon X .

The smallest possible K is called the modulus of concavity of |.|. A quasi-Banach

space is a complete quasi-normed space.

Definition 2.2

A quasi-norm ||.|| is called a p -norm (0< p <1) if [x+y|* 2[x|" +|y|" for
all x,y e X . In this case, a quasi-Banach space is called a p -Banach space.

Given a p-norm, the formula d(x, y):=|x—y|" gives us a translation

invariant metric on X . By the Aoki-Rolewicz theorem [38] (see also [8]), each quasi-
norm is equivalent to some p -norm. Since it is much easier to work with p -norms

than quasi-norms, henceforth we restrict our attention mainly to p -norms.
Definition 2.3

Let (A)].]) be a quasi-normed space. The quasi-normed space (A,[.|) is

called a quasi-normed algebra if A is an algebra and there is a constant C >0 such
that |xy| <C|x||y| for all x,yeA.

Definition 2.4

A quasi-Banach algebra is a complete quasi-normed algebra. If the quasi-
norm .| isa p-norm, then the quasi-Banach algebra is called a p -Banach algebra.

Bourgin [9] proved the stability of ring homomorphisms in two unital Banach
algebras. Badora [5] gave a generalization of the Bourgin’s result. The stability result

concerning derivations on operator algebras was first obtained by Semrl [39]. In [6],
Badora proved the stability of functional equation f (xy) = xf (y)+ f(x)y, where f
is a mapping on normed algebra A with unit.

Definition 2.5

Let A, B be two algebras. A mapping f : A— B is called a quadratic
homomorphism if f isa quadratic mapping satisfying f(xy) = f(x) f(y) for all
X,y € A. For instance, let A be commutative. Then the mapping f : A — A, defined
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by f(x)=x*(xeA), isa quadratic homomorphism.

Definition 2.6

A mapping f:A — A iscalled a quadratic derivation if f is a quadratic mapping
satisfying f(xy)=x*f(y)+ f(x)y* forall x,yeA.

We note that quadratic derivations and ring derivations are different.

3 General Solution of the Functional Equation (1.5)

In this section, the authors investigate the general solution of the functional
equation (1.5). Through out this section, let us consider X and Y be real vector
spaces.

Theorem 3.1

If the mapping f:X —Y satisfies the functional equation (1.5) for all
X1 Yis X0, Youoo e Xg, Vg € X then f: X —Y satisfying the functional equation (1.1) for

all x,yeX.

Proof. Setting X, =y, =...= %, = ¥, =0 in (1.5), we get
(F o)+ FOINF () + F(92)) = F(4Y = %,) + T (% ¥+ %) (3.1)
forall x,y,,X%,Y, € X .Replacing (x,V,,X%,,Y,) by (&,0,&,0) in (3.1), we obtain
(f(&))z =f(x) (3.2)

forall xe X . Setting (X, Y;, X%,,Y,) by (&,O,ﬁ,O) in (3.1), we get

HVx)Fy )= FVxy) (33)

for all x,ye X . Replacing (X, VY;,X%,,Y,) by (Vx,V%,v/x,+/x) in (3.1) and using
(3.2) and using (3.3), we arrive

f(2x)= 2% f (x) (3.4)
forall xe X . Letting (X, ¥;,X%,,Y,) by (x,0,%,0) in (3.1), we obtain
(FO))F = 1(x)

for all xe X . It can be rewritten as

f(x) = f(x*) (3.5)
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for all xe X . Replacing x by —x in (3.5), we get f(—x)= f(x) is an even
function. Setting ((X., Yy, %,, ¥,) by (VX,+/y,~x,=[y) in (1) and using (3.2), (3.4),
we get

F0+ f(y)+ 2 (Wx)F(y)= f(x+y) (3.6)

forall x,ye X . Letting (X, Y,,X,,Y,) by (\/Q,\/?,\/;,\/V) in (3.1) and using (3.2),
(3.3), (3.4), we obtain

F0+ f(y)-2f(Vx)f(Jy)= F(x—y) 3.7)
forall x,y e X . Adding (3.6) and (3.7), we derive (1.1) forall x,y e X..

Hence the proof is complete.

Hereafter throughout this paper, assume that A is a quasi-normed algebra
with quasi-norm ||.||, and that B is a p-Banach algebra with p-norm |.|,. For

convenience, we define a mapping f :A— B by

F(le Yii %55 Youeen Xg, YS) :(Zf (Xi)j(zf (yi)J

—f (X1y1 X Yo mXYs X Vs — X5 Y5 — X Ye — X7 Yy _X8y8)

— F (Y1 + XY, + X Y5 = Xs Yy + X6 Vs — Xs Yo + Xs Y7 — X7 Vg )

—f (X8y1 =X Yo T XY+ XY, = X Y5 — XY £ X Y7 + X1y8)

forall x,y,,....%, Ys €A.

4. Stability of Quadratic Homomorphisms and Derivations of (1.5): A Direct
Method

In this section, the authors present the generalized Ulam-Hyers stability of the
functional equation (1.5).

Definition 4.1

A X-linear mapping H: A —B is called a quadratic homomorphism in
quasi-banach algebras if

H(xy) =H(x)H(y) (4.1)
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forall x,yeA.
Theorem 4.2

Let je{-1,1}. Let a: A" —[0,0) be a function such that

e 0 29%,29 ..., 29 %, 21
> (2% ylZij % y8)converges to [ (4.2)
k=0
kj kj kj kj
and i!lm ( X 2 y12’2kj’ X8’2 y8)<oo’ (43)

and f :A — B be a mapping satisfies the inequality

[P Yo X, Ve g < (X0 Vi X1 Vi) (4.4)
forall x,y,,...,%,¥; €A and

| Oy) = f(x) T (y)], <a(xy.00...,0,0) (4.5)

for all x,yeA. Then there exists a unique quadratic homomorphism H:A —B
which satisfies (1.5) and

o (V2)' V%....(2)' %

1 o0
f(X)-HX)|, <— . 4.6
2
forall x e A. The mapping H(x) is defined by
f(29x
HOO = lim- @.7)
forall xeA.

Proof. Assume j=1.

Replacing (X, V,,.... %, Ys) by (\/;\/; ..... ﬁﬁ) and dividing by 28 in
(4.4), we get

H f(2X)

(J‘ XA X, VX) (4.8)

forall xe A . Replacing x by 2x in (4.8) and divided by 2°, we have
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e [ T 49

24 22 ||

forall xe A . Combining (4.8) and (4.9), we obtain

f(2°X)
24

[MI A @Fr‘fwwmm

forall x e A . Using induction on a positive integer k , we obtain that

‘rg@_“)sé%“%.MﬁJEAwﬁiﬁﬂ) (4.11)
< L3 a2 x 2. N2 32
227527

f(2°%)

for all xe A. In order to prove the convergence of the sequence {T} replace
2

x by 2™x and dividing by 2°" in (4.11), for any m,k >0 , we arrive

[f@2"x) fE™)| _
” 22k+2m 22m |

1 | f(22"x)

2| o - (2"

B

k-1
< T N2, AT N2

22 7 e 22(|+m)
. Zog(\/z X, /2 X;?"’JZ X, A2 (4.12)
22745 220+m
for all x € A. Since the right hand side of the inequality (4.12) tendsto 0 as m— oo,

f(24x)

22k

the sequence { } is a Cauchy sequence. Since B is complete, there exists a

mapping H: A — B such that

f (2k X)

H(X)_llm , V xeA.

Letting k > in (4.11), we see that (4.6) holds for all xe A. Now, we need to
prove H satisfies (1.5), replacing (X, Y;,.--, X ¥s) by (2%,2°y;,...,2“%,,2" y,) and

dividing by 2% in (4.4), we arrive
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ZZkHF (2%, 2 ¥y 2%, 2y, )| < %k (2%, 25 Yy, 25,21 )

forall x.,y,,...,%, Ys €A. Letting k — oo in the above inequalities, we arrive
HH(Xl,yll...,Xglys)HB =

Hence H satisfies (1.5) for all x,V;,..., X, Y; € A. This shows that H is quadratic.
Also

IHO53) - HOO MO, = fim s | F(2%0) = £ (25) £ (2w

< lim Z%a(zk X,2°¥,,0,0,...,0,0)= 0

forall x,y, € A. Therefore, H is a quadratic homomorphism. In order to prove H is

unique, let H'(x) be another quadratic homomorphism satisfying (4.6) and (1.5).
Then

[HX)-H'()|, = Z%HH(ZK X)—H'(29)|,

< @ - 1@, +]r@-re),

7222 . ( 2|+kx \/2|+k .,\/2i+kx’\/2i+kx)

i=0
—>0ask >wx

for all xeA. Hence H is unique. Thus the mapping H:A—B is a unique
quadratic homomorphism mapping satisfying (4.6).

For j=-1, we can prove the similar stability result. This completes the proof
of the theorem.

The following corollary is an immediate consequence of Theorem 4.2
concerning the stability of (1.5).

Corollary 4.3 Let A and s be nonnegative real numbers. If a function
f : A — B satisfies the inequality
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A

A

IFO% Vi % Yl <1

A
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Sl + w1},

i=1

{HII X Il : IIZ}, (4.13)

8
| BIEYARAS g(n X I+, ||%f5)}

forall x,y,,...,%,Y; €A and

It ()~ 10 £, =

A,

I+ YIS

A{IXIN Y I}

AN Y I+ (0 XIE + 1y 1)}

(4.14)

for all x,yeA. Then there exists a unique quadratic homomorphism H:A —>B

such that

I (x)- H(x)||B <

forall xe A.

Definition 4.4

4
21’
s/2
16/1||x||,:, s %4
2_92
12 i' (4.15)
AlXlls L.
7122 -2%| 4’
174 x| 1
2” ||8As’ S#—
7]22-2% | 4

A X-linear mapping D:A — A is called a quadratic derivation in quasi-

banach algebras if

D(xy)=D(x)y*+x*D(y) (4.16)

forall x,yeA.
Theorem 4.5



Stability Of Dgc’s Quadratic Functional Equation In Quasi-Banach... 51

Let je{-1,1}. Let a:A'® —[0,0) be a function such that

ia(ijXl’ZKj ylz,.z.kj.,zijs,zkj %) converges to (1 and (4.17)
k=0

im 0:(2"j x,,2Y ylz,.ZI.(j.,Zkj Xg,2Y y8) <on, (4.18)
and f:A — A be afunction satisfies the inequality

PO Yar o X Yol S (X, Yoo eon X1 Vs (4.19)
forall x,y,,...,%,¥; €A and

|09 =xF(y) - ()7, <a(xy.00....0,0) (4.20)

for all x,yeA. Then there exists a unique quadratic derivation D:A — A which
satisfies (1.5) and

(V2)' ¥x....(2)' &)

(24

l 0
f(X)—HX)|, < . 4.21
|| ( ) ( )”A 227 i;—j 22|j ( )

2
forall x e A. The mapping D(x) is defined by
f(29x

D() = fim (4.22)
forall xeA.

Proof. Assume j=1. By the same reasoning as that in the proof of the Theorem 4.2,
there exists a unique quadratic mapping D: A — A satisfying (4.21). The mapping

kJ
D:A— A given by D(x) = I|m (2 X) . It follows from (4.19) that

2

[PGY) =X Dy D04 ¥E, = lim F(2%%y, )~ (2%) f (24, ) - £ (2%)(2y,)

24kj
< lim %a(Zk %,2°¥,,0,0,...,0,0)= 0

A

forall x,y, e A. Therefore D: A — A is a quadratic derivation satisfying (4.21).

The following corollary is an immediate consequence of Theorem 4.5
concerning the stability of (1.5).
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Corollary 4.6 Let A and s be non-negative real numbers. If a function f:A—>A

satisfies the inequality

A,

8
i=1

||F(X1’ yl""lxgy yg)”A < /1

A

1l

forall x,y,,....%, Y, €A and

[y =X f(y) - F 0y, <

226 I+ 1

8 y y 4.23
{HllxiuAnyiuA}, (4.23)
i=1
8
{ 1% I I+ (0% IS+, ||1Aes)},
i=1
A
AR+ Y I,
y ¥ 4.24
A{IXIEIY 1} (4.24)

A I+ (X1 1y 1))

for all x,y e A. Then there exists a unique quadratic derivation D:A — A such that

A
21’
16| x |13
2 o3
[f(x)-DE), <q 12 =2
A1 Xl
7|22_288|
1720 xS
7|22_285|’

forall xe A.

S # 4;

(4.25)

M, B

5. Stability of Quadratic Homomorphisms and Quadratic Derivations of (1.5):

Fixed Point Method

In this section, the authors presented the generalized Ulam-Hyers stability of
the functional equation (1.5) in quasi-Banach algebra using fixed point method.

Now we will recall the fundamental results in fixed point theory.
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Theorem 5.1 (Banach Contraction Principle)

Let (Q,d) is a non-Archimedean generalized complete metric space and
consider a mapping T : Q2 — Q which is strictly contractive mapping, that is

(Al) d(Tx,Ty)<Ld(x,y), for all x,yeT for some (Lipschitz constant)
L <1. Then,

(i) The mapping T has one and only fixed point x* =T (x");
(if)The fixed point for each given element x™ is globally attractive, that is
(A2) lim _ T"x=x", forany starting point xe Q;

(iii) One has the following estimation inequalities:

(A3) d(l'”x,x*)sﬁ d(T"x, T"X),V n>0,V xeQ;

(A4) d(x,x*)sﬁ d(x,x"),V xeQ..

Theorem 5.2 [13](The alternative of fixed point)

Suppose that for a complete generalized metric space (A,d) and a strictly

contractive mapping T:A — A with Lipschitz constant L. Then, for each given
element x € A, either

(B1) d(T"x, T"x)=c0 ¥ n>0,
or

(B2) there exists a natural number n, such that:
(i) d(T"x,T"x) <o forall n>n, ;
(ii) The sequence (T "x) is convergent to a fixed point y* of T

(iii) y" is the unique fixed point of T inthe set Y ={y € A :d(T "X, y) < oo};

(iv) d(y*,y)sﬁ d(y,Ty) forall yeY.

Theorem 5.3

Let f:A — B be a mapping for which there exists a function ¢: A'® —[0,x)
with the condition
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o1
ElmF“(ﬂikxl’ﬂikmi---:ﬂikX81ﬂiky8):0 (5.1)

where 4 =2 if i=0 and g :% if i =1 such that the functional inequality with

[FOG Yar o X Yodllg < @0t Viaoeees X, V) (5.2)
forall x,y,,...,%, Y, €A and
|f ()= £ () f(y), <alx y,00...,00) (5.3)

forall x,y e A. If there exists L = L(i) <1 such that the function

xw(x):%a[gg,...,g,@ (5.4)

has the property
1
y(x) = Lﬁy(uix), (5.5)

then there exists a unique quadratic homomorphism H:A — B satisfying the
functional equation (1.5) and

Ll—i

1-L

[ £ -HX)|, < =—7(x) (5.6)

forall xeA.
Proof. Consider the set
Q={p/p:A—B, p(0) =0}
and introduce the generalized metric on Q,
d(p,q) =inf{K & (0,%0):||p(x) —q(x)|, < Ky(x),x e A}.

It is easy to see that (Q,d) is complete.

Define T: Q —Q by Tp(x) = iz p(X),

forall xe A. Now p,qeQ, we have

d(p,q) <K =|p(x)-a(¥)|, <Ky(x),xeA.
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=|Tp(x) -Ta(x)|, < LKy (x),xeA,

=d(p,q) < LK.

1 1 1
:3?ﬁ%ﬁjg%w)sjkﬂmeA,

1 1
= p p(uiX)—?q(uiX) <LKy (x),xeA,

55

This implies d(Tp,Tg) <Ld(p,q), for all p,geQ .i.e., T is a strictly contractive

mapping on Q with Lipschitz constant L.

Replacing (X, V,,.... %, Ys) by (\/;\/; ..... ﬁﬁ) and dividing by 28 in

(5.2), we get
[f(20)-2° 1 (x)], < @rJ_ ..... Jx,Vx)
for all x € A. Hence from the above inequality, we have

H el <_a(f NNy

-3

for all xe A. Using (5.4) and (5.5) for the case i =0, it reduces to
H f(2x)

- (¥

22 7(X)

B

forall xeA.

ie, d(f,TH<L<L <o

Again replacing x byg in (5.7), we get

roo-=1 (G, 5352

forall xe A. Using (5.4) and (5.5) for the case i =1 it reduces to

2 o X
H”X” f@

<y(X)

B

forall xe A,

(5.7)

(5.8)

(5.9)
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ie, d(f,Tf)<1<L®<o,

In both cases, we arrive

d(f,Tf) <L
Therefore (Al) holds.
By (A2), it follows that there exists a fixed point H of T in Q such that

1
H(x) = l!imT f (%)

forall xeA.
To prove H:A—>B is quadratic. Replacing (X, VY., Xg, Ys)
(yikxl,yi"yl,...,yikxg,,uikyg) in (5.2) and dividing by 4, it follows from (5.1) that

HF(ﬂikXi' H Yoo 1 X 14 yg)HB

[HO% Y%, Yol = fim e
< Ilim a(ﬂikxliﬂikylllwl-z-i;'ﬂikxs’ﬂikys) =0

forall x,y,,...,%, Ys €A.i.e., H satisfies the functional equation (1.5). Also,

[Heuy) ~HEO H(,), <lim %Hf (1 532)~ £ (%) £ ()|,

1
< E'Ln F a(ﬂikxvo’ 7 Y110): 0

forall x,y, e A. Therefore, H is a quadratic homomorphism.

By (A3), H is the wunique fixed point of T in the
A={HeQ:d(f,H) <o}, H isthe unique function such that

[ F()-HX)|, <Ky (x)
forall xe A and K >0. Finally by (A4), we obtain

1
d(f,H)< = d(f,T)

this implies

(5.10)

by

set
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[
d(f,H)<
( ) 1

which yields

Llfi
1-L

[ () —HX)|, <——7(x)

this completes the proof of the theorem.

S7

The following corollary is an immediate consequence of Theorem 5.3

concerning the stability of (1.5).

Corollary 5.4 Let f:A — B be a mapping and there exists real numbers A

and s such that

ﬂ/v

Y (%I + I8

i=1

F(X, Vi X <3, VAT
IFO4 Vi X0 Yo ,1{1‘[”)(i A ||A},

i=1

8

8
ATy I 22 (1% 16 + 11, ||1£S)},

i=1 i=1

forall x,y,,...,%, Y¥; €A and

A,

A+ Y IR

A{IXIN Y I}

AXIE Y I+ (X1 + 1y 1)}

It ()~ 10 £, =

(5.11)

(5.12)

forall x,y e A. Then there exists a unique quadratic homomorphism H: A — B

such that
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A
21
s/2
16/1||x||§ swa
7|22 -22
1) -HE, <{ 12 =] (5.13)
Allxlly 1
70122 -2%| 4’
8s
17/12||x|L,2 s 1
7]|2°-2%| 4
forall xeA.
Proof. Setting
A
8
DA% I+ I
i=1
o ’ yeeoy ’ = 2 S S
U Yoo o) z{Huxi Iy, ||A},
i=1
8
A{Hn X 11y 1 +Z(|| X [+ 1y, ||165)},
i=1
forall x,V,,...,%, Y €A. Now,
A
Z‘ S S
o o {IIﬂ.X.II v I
O(f4 Yoo 15 Yyoe oo 1 Xg 14 V) -
2k 8
#h 2k {H” :uikxi ”Z” /Uik Yi ”2}1
i=1
8 16 16
e {H”ﬂ. A ANZSAA +Z(||ﬂ. X B + 112y 162 )
i=1

!
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Thus, (5.1) is holds.

-2k

A"

8
AP I+ 1 I

=1
8
Ap {Hllxi A1y, IIZ},

59

8
Ao {H EYARAR +Z(|| X [+ I )},
i=1

—>0as k > o,
—0as k — oo,
—>0as k —» o,
—>0as k —» oo,

But we have y(x)-—a([[ \/X\/XJ has the

=L

o)

Now,

7(14,x) forall x e A. Hence

164

7[22}” ||

7(283)” I

A1 16 N
2l I X1[x -

property
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A
7,Ui2 ’ ,ui_27(x)a
164 2
§—||ﬂix||/2w s
1 7[22J i2 H 2 7/(X)1
_27(,Uix) = =
# A 8s 8s-2
W”uiXHA’ uy(X),
A (1 16 200,
T (F+anuixni wr )

From (5.6), we prove the following six cases:

Casel: Ifi=0then L=27

27 0 y) 92 1
W(@—HUNBS%:%gyuya7&fZJJ:___

Case 2: If i=1then L=2?

()" a1\ A
e R e

Case3: L=2C%fors<4ifi=0

o(s-4)2 1-0 164 s
I (x)— H(X)”B < (]__ZTB)/ZV(X) =——=IxIZ.
7[22—22}

Case4: L=2%92 for s>4if i=1

ola-sy2 ™ 16 s
[ (0—H), < (1_2(43,,2 r0)=— xR
7[22 ZZJ

Case5: L=2%72 fors<% ifi=0

(2(85—2) )1*0

|| f (X) - H(X)”B < 1— 2(8572)

— 8s
]/(X)— 7(22_283)”XHA '
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Case 6: L =2%% for s>% ifi=1
( (2-8s) )1 1 P
[F00-HE, < s 7() = w|| X[

Hence the proof is complete

Theorem 5.5

Let f:A — A be amapping for which there exists a function
a A —[0,0) with the condition

] 1
l!I_r)nF05(,“:()(1’,UiKYM---uUisz;uUiKYS)=0 (5.14)

where 4 =2 if i=0 and g :% if i =1 such that the functional inequality with

[P Vi X0 Vo) [ S @0, Yare s X1 V) (5.15)
forall x,y,,...,%, Y¥; €A and
| f 0o =x*f (y) - F (Y], <al(xy.,00....,00) (5.16)

forall x,y e A. If there exists L = L(i) such that the function

x—>7(x)=o{\/§,\/§...,\/§\/§} (5.17)

has the property
1

y(¥) =L 7(4x) (5.18)
Hi

for all xe A, then there exists a unique quadratic derivation D:A — A satisfying

the functional equation (1.5) and

Llf i

|f(x)-D(Xx)||, < 1

7(X) (5.19)

forall xeA.

Proof. By the same reasoning as that in the proof of Theorem 5.3, there exists
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a unique quadratic mapping D: A — A satisfying (5.19). The mapping D: A — A is

. f (%
given by D(x) = I!im%

P43~ DO -0, < fim e

forall x e A. It follows from (5.15) that

1
< I|<im Wa(,uik X, 1££Y,,0,0,... ,0,0): 0

Hoo/,[

(2%, )= (%) F (ay) = (%) (ay,) .

forall x,y, € A. Therefore, D: A — A is a quadratic derivation satisfying. The rest
of the proof is similar to that of Theorem 5.3

The following corollary is an immediate consequence of Theorem 5.5
concerning the stability of (1.5).

Corollary 5.6 Let 4 and s be non-negative real numbers

f : A — A satisfies the inequality

ﬂ/v

i=1

IF(X, Yo X Vo), < /1{

2911

8
i=1
8

=1

forall x,y,,...,%, Y; €A and

|f oy —x*F () - F YY), <

8
A I+ I
[ BUEYR ||;},

8
1 1Y I+ (10 1+, ||1£S)},

i=1

A,

AT+ YIRS

A{IXINY IR

AN Y I+ I+ 1y 1)}

. If a function

(5.20)

(5.21)

forall x,y e A. Then there exists a unique quadratic derivation D: A — A such that
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A,
21’
s/2
AIXIT
2_92
[f(x)-D(, <; "12 =2 (5.22)
AXE 1
70122 -2%| 4’
174 x| 1
2” |!3/2 » SFES
71222 "4

forall xe A.

6. Applications of The Functional Equation (1.5)

Consider the functional equation (1.5), that is

(Zf(x )](zf(y. J_ f(lel XoYo = X3Y3 =Xy Y4 = XsY5 = Xs Y6 — X7Y7 —XgVYe
+

)

Xo Yy + %Y, XY = XY + X6 Vs = Xs Y + Xg Y7 = X; Yy )
(X3y1—X4y2+le3+X2y4+X7y5+X8y6— XsY; — X5 Yg

+ F (Y XY, =X Ys %Yy + XgYs =X, Ve + X Y7 — X5V
(&w—&w—&%—&n+4%+&%+gw+n%
(e%+&h—&%+&h—&%+&%—nw+&%

+ F(OGYL+ X Yo + X6 Y3 =X Ya = XgVs + X, Yo + X Y7 — X, Yg

+ F (XYL =X Yo + Xg Vs + Xs Vs — X4 Vs — Xg Yo + X, V7 + X Vg

)
)
)
)
)
)

Since f(x)=x* is the solution of the above functional equation, then the above
equation can be written as follows
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8
[EX&YJ[EXM ] X Ys = %Y, = XsYs —X¢Ya —XsYs —Xs Yo — X,y —%gVs )
i=1

+( XoYi+ XY, + X Y3 = X3Ya + X Y5 = Xs Yo + XgY7 = X7 g i

+(Xg Yy = Xg Yo + X Y5+ XYy + X, Vs + Xg Yo — X5 Y5 — 8)

(X Y1+ XY = XY XY+ X Y5 = X Vg + XY = %Y )

+(Xs Y — X Yo = %o Y3 — X Ya + X Y5 + X, Yo + X3 Y7 + X,V )
( )
( )
(

N

N

N

F(Xe Y1 XY, = Xg Y3 + X ¥s = X Y5 + X Yo = X Y7 +X3Y5

+ X7yl+X8y2+X5y3 6y4_X3y5+X4y6+le7 2y8

+

2

Xg¥1 =X Yo + X Y5t X Ys — X Y5 = X3¥6 + X3 ¥7 + leg)

The above identity is called Degen-Graves-Cayley-Eight Squares identity and

shows that “the product of two sums of eight squares is again a sum of eight squares".
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