International Journal of Pure and Applied Physics. ISSN 0973-1776 Volume 13, Number 1 (2017), pp. 1-8
© Research India Publications http://www.ripublication.com

QUATERNIONIC REFORMULATION OF MASSIVE
ELECTRODYNAMICS

A. S. Rawat

Department of Physics
H. N. B. Garhwal University Pauri Campus,
Pauri -246001 (U.K.), India

Abstract

Starting with the idea of two four-potentials
and taking the generalized charge, potential,
field, current as complex quantities with real
and imaginary parts of them as electric and
magnetic  constituents, the quaternionic
formulation of generalized complex-
electromagnetic field equations and generalized
Proca-Maxwell’s (GPM) equations have been
established for massive dyons.

1. Introduction

The magnetic monopole is a hypothetical
elementary particle that is an isolated magnet with
only one magnetic pole with a net magnetic
charge. P. A. M. Dirac [1] showed that if any
magnetic monopoles exist in the universe, then all
electric charge in the universe must be quantized
(called Dirac guantization condition). The electric
charge is, quantized, which is consistent with the
existence of monopoles. The subject of magnetic
monopoles [1, 2] has intrigued and fascinated the
physics community dating back to the early
twentieth century. The eight decades of twentieth
century witnessed a rapid development of the
group theory and gauge field theory to establish
the theoretical existence of monopoles and to
explain their group properties and symmetries.
Keeping in mind t’Hooft’s solutions [3] and the
fact that despite the potential importance of
monopoles, the formalism necessary to describe
them has been clumsy and not manifestly

covariant, Rajput et.al. [4, 5] developed the self-
consistent quantum field theory of generalized
electromagnetic fields associated with dyons
(particles carrying electric and magnetic charges).
The analogy between linear gravitational and
electromagnetic fields leads the asymmetry in
Einstein’s linear equation of gravity and suggests
the existence of gravitational analogue of
magnetic monopole [6]. On the other hand, there
has been a revival in the formulation of natural
laws so that there exists [7] fourdivision algebras
consisting the algebra of real numbers, complex
numbers, quaternions and octonions. All four
algebra’s are alternative with totally anti
symmetric associators.

Quaternions [8, 9] were very first example of
hyper complex numbers have been widely used
[10, 11, 12] to the wvarious applications of
mathematics and physics. Since quaternion is non
commutative norm division algebra, it has four
dimensional structure which may be useful to
express the 4-dimensional theory of dyons. In
order to understand the theoretical existence of
monopoles as well as dyons in grand unified
theories (GUTSs) and keeping in view their recent
potential importance, the fact that the formalism
necessary to describe them has been clumsy, in
the present paper we discuss the generalized
electromagnetic EM-field equations of massive
dyons along with the quaternion formulation in
consistent manner. The quaternionic algebra
shows the four dimensional representation of
space-time in Euclidean space. We describe the
generalized charge, potential, field, current source
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of dyons in quaternionic form along with real and
imaginary parts of electric and magnetic
constituents.  After that the quaternionic
representation of  generalized complex-
electromagnetic (C-EM) field equations and
generalized Proca-Maxwell’s (GPM) equations for
massive dyons have been reformulated.

2. Quaternion Preliminaries:

The algebra Qof quaternion [8, 9] is a four-
dimensional algebra over the field of real numbers

I . The quaternion is very suitable to express the
typical four-qualities in physics, such as four-
position, four-momentum, four-force, four-
potential and four-current etc. Similar to a

- : 2
complex number C=(90+51 ) \yhere i =-1a

real quaternion @ which is a four component
number can be defined as

3
@@= >, gy¢;=g0% + 919 + 9282 + 9393, (2.1)
i=0 -

where the scalar part of the quaternion is

represented by 70+ the vector part is represented
. = A i=1273

by 992 and 93> while €0 =1 e;(J=12, )are

quaternion  units.  The  quaternion  units

(e0.€1.€2.3}is known as the quaternion basis
and its elements satisfy the following conditions,

2 =2

= = & = l,eJ- = —<0.

ene ;=g = [ F=1,2,3], (22)
S8 = — Gy + Faper (W 5 A =1.2.3)

Here is the delta symbol and is the Levi

Civita three index symbol having value
e =—+1 o= —1]
I:%jk )for cyclic permutation, [EU;: )for
=0
anti cyclic permutation and (Esz JIfor any two
repeated indices. Addition and multiplication are
defined by the usual distribution law

[ej %k )e; =< (e;:e; )along with the

multiplication rules given by equation (2.2). Qis
an associative but non commutative algebra. If

90:491-92:93 are taken as complex quantities, the
quaternion is said to be a bi-quaternion or
complex quaternion. The quaternion conjugate

0 : (=123
Qer > epe; —e;(j=12, )]isdefined as

3
= 2" 9;T; = Qoo — Q€1 — T2z — T35 (23)
F=o

In practice @is often represented as a 2x2
matrix Q=90 - &4 ypere € = I2x2,

=—ia;(j=1,2,3)

< J

T .
and ~ “are the usual Pauli
spin matrices. The quaternion @ and quaternion

conjugate @may be written as a linear

combination of scalar 40 and spatial vector 7+ i.e.

{@= (g0.9)= g0 + (121 +gzez + 933,
@ =(gn.~F)= g0 — (G141 + 222 + 333

@)

The real part of the quaternion 40 is defined as
me@=l§[®+@)=(—3®= (25)

where ¢ denotes the real part and if Hte@="0

then we have @=-Tand imaginary @is known
as pure quaternion written as

Q= (g1 +g2ez +g3¢7 ) (2.6)

The quaternion product is associative and
distributive:

P (IR j= (PR}, P (ap+ R ) = Pap+ PR (2.7)

The norm
expressed as

N(@}of a quaternion rI}may be

() = id = Qap = i 027 ep. (2.8)

=0
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Accordingly, the inverse of a quaternion Q@ (non-
zero norm) is defined as

@l =qgul-glg=1 (2.9)

3. Dyons (4-Dimensional Theory):

A dyon is defined as a particle which
simultaneously carries electric and magnetic
charge in 4-dimensional theory. The grand unified
theories predicted the existence of both magnetic
monopoles and dyons. Starting with the idea of
Cabbing and Ferrari [13], the generalized charge,
generalized four-potential, and generalized current
of dyons can be written in terms of complex
quantity with their real and imaginary parts of
electric and magnetic constituents

7= a t+ig
WY =AY +i5Y, (3.1)

v =" +.t'K"',I::‘-.T-“v =012 3 &i=~"1)

where (e, g A B, 7Y ang £ are
respectively the electric charge, magnetic charge,
electric four-potential, magnetic four-potential,
electric four-current and magnetic four-current.
We may write the symmetric Maxwell’s equations
known as Generalized Dirac Maxwell’s (GDM)
equations for dyons given by

L B — e .

T B — e .

A Y . (3.2)
A

e FE . 2=
[

Here Ris the electric field, His the magnetic
field, “2is the charge source density due to

electric charge, P is the charge source density

due to magnetic charge (monopole), Jis the
current source density due to electric charge and

% is the current source density due to magnetic
charge. We have used the following notations:

J{—a"_} — A e
Pt S bbb (33)
e T e I

We have also used the unit value of coefficients

along with natural units II‘:=H=1;'through out
the text. The electric and magnetic fields of dyons
satisfying the GDM equations (3.2) are now
expressed in terms of components of two four
potentials in a symmetrical manner i.e.

(3.4)

The complex vector field @ associated with
generalized electromagnetic fields of dyons is
defined as

G=&+iH), (3.5)

which reduces the four GDM equations (3.2) to
following two differential equations as

Vo=,
%xg:_{3+aw} (3.6)

where & = (e +10m )is the generalized charge
o Fe(j+iE) |

density and is the generalized current
source density of dyons. These are regarded as the
temporal and spatial components of generalized

7 }=47.4]
four current of dyons. As such, we
may write the generalized electromagnetic field

vector ¥'in the following manner in terms of
components of generalized four potential

[Vv] =179} with® = (+12) g

o (A i)

—Z _ve-i(TxV) (3.7)

&
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Thus, we can express the GDM equations (3.2) of
dyons in the following covariant notation [14],

F =dF,, =J,;
HE.V HY M
. (3.8)
Fp v = & Fp = Ky
Where £z = B wi=1,2,3),

Fy = ey 1 (Vi j.k=12,3),

1 ad
'%w :EE#PUEF

£ :
while “#¥54 s completely

antisymmetric Ricci tensor of rank four.
Therefore, we may write the Lagrangian which
follows the minimum action principle for
generalized electromagnetic fields of massive
dyons as
pe—tm oprv_Lg v 12, g
4" HY 4 H¥ 2 H
L, . ; . (3.9
ToH By B* - A4,7% - B, K*,

2
where # is the mass term of dyons. The Euler-
Lagrange equations can be expressed as

o= D [ N g .
Zd,, "[a[ava”]] =
[ g [ g

= &, [7|: » }J—_ o

Then, the generalized Proca equations are defined:

(3.10)

2

B FHY — A =Y
T

8,1 — PBY = &Y (311
# —H =45

The Proca  equation [15] describing
electrodynamics with finite range (or equivalently
with a non-zero mass). In the case of massive
dyons, the generalized fields equation may be
written as [16],

8, FHY — 2w = ¥ (3.12)

On the other hand, the °’t Hooft-Polyakov
monopole solutions [3, 17, 18] describe an object

of finite size which from far away can not be
distinguished from a Dirac monopole of charge
g - . :
e In view of the energy density of
generalized electromagnetic-vector field, we may
write the mass formula for dyon as

silegl= ple+ig|= . |:e2+gzjl, (313)

which plays an important role in supersymmetric
gauge theories. Furthermore, according to
Bogomolny bound [22], the mass of a dyons (or
massive dyon) is expressed as

2+g2),

Hlegl=v|D|=vie+igl=v (e
which is known as BPS [19, 20] mass formula
where v specifies the magnitude of the vacuum
expectation value of scalar Higgs field. The BPS
mass formula is universal and is also invariant
under electromagnetic duality transformations.
Thus, for massive magnetic monopole (e—0) or ’t
Hooft-Polyakov monopole, the Bogomolny bound

[19] is given by
#(0g)zvgl, (3.14)

which is possible in Prasad-Sommerfield limit

[20].
4.Quaternion Reformulation of Massive Dyons:

Let us define the space time four differential
operator as

== I:ﬁej ,— i e }: Bxe., 887,825 ,— 18y

(4.1)

= 8,8 + BEs + 85 +([—18, Jen.

which shows the quaternionic form of four
differential operator

{8v — 83} = (ﬁ',—ga_t :l

A

and V=0123 The quaternionic  conjugate
differential operator can be written as:
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5= (-, —i5y)

4.2
= —8xe + FyEz + Jze3 + Ii—x'a_t :Ieg. ( )
Then, the product of 22 will be
D — [a§+a§+a§ — 57

(4.3)
—[v7 - 27 | = o
(V2 -9 )=o
Here is defined the D’ Alembert

operator. In order to consider the generalized
electromagnetic fields of massive dyons, we can
define quaternionic form of generalized four
potential of dyons as

W= (ﬁ,@)z Vo) + Vyr&'z + 1785 + Wey,

L

(4.4)

where [VX’VF’VZ’@): (V’@): [V’“]are
described as the components of generalized four

potential associated with generalized charge

[@=€+5£)0f dyons. We have assumed the

generalized dyonic charge (@)Which is complex
in nature [5], as the same way we can take the

- . (v,
quaternionic generalized potential of dyons
in complex nature. Thus, we may now identify the
components of generalized complex-potential

W, —=|A4,+i5
H ( H *“)of massive dyons as

Vb (A +iBy),Vy > (4, + 1By, ),

V(A +iB,),0 - (@g+ig).

(4.5)

Therefore, the generalized complex-potential

[V =Y )of massive dyons can be expressed in
terms of quaternionic elements,

W= (Ex_’;,@)z [Ax+ By )el + (fly +.z'By)€;(4_6
+{A + B, Jes +(p+if)ep. )

As such, we can write the generalized

quaternionic electromagnetic fields ‘¥ of massive
dyons as

Ve == (@ n) (4.7)
where ‘Fis defined by

= I:a;{_}, E’I)E ¥ e +1Py€3 +'¥ e+ 1pep (48
. ) )

In quaternionic representation of Y, we have used
the EM-field components

W{H:E}:(Wx:Wy:Wz)and E}{HDJED}:D
because of Lorenz gauge conditions applied
separately on electric and magnetic four potential.

Using (4.7), the generalized quaternionic

IKIIJHLPE:I

complex-electromagnetic fields of

dyons can be written as
Vo= (Hy+iByJa+ (Hy +iB) Joy +(H +i8 Jes,  (4.9)

where

Y = (H +iB, ), = (Hy +iE) )y, = (B, +iE,)
are respectively the components of complex-
electromagnetic field for massive dyons. Thus the

generalized vector field can be expressed in terms
of following quaternionic form,

-+ -+

Yo (H+iE e,

= {—ﬁ'cp— %ﬁ+ Vx ﬁ]ej + {—f”gﬁ—

£

e Wx B]é‘j,
where the electric and magnetic field vectors for
dyons are already defined in equation (3.4).

4.1.Quaternion Reformulation Generalized
Proca-Maxwell’s (GPM) Equations for Massive
Dyons:

In order to obtain the generalized massive field
equations of dyons in four-dimensional space-
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time, we may now applying differential operator
Pto the generalized quaternion complex EM-

fields TC given by the following way

o297

The definition for the general quaternionic field of
massive dyons will be,

DY = (-]T[c Mg ) (4.11)

2
where # is the mass term for dyons given by

(2.13) and J[Uis the quaternionic form of
generalized complex-current source of dyons.
Thus using generalized complex potential of
dyons, we can write

2 2 , 2 .
W= [Ax-l-sBx)eﬁy [Ay-l-.tBy)ez 412)
+ut (4 +iB)er+ 4 (p+if ey,

and the quaternionic form of generalized complex-
current

Jg =(J,6)=Tae+ Jyer + Jze3+ Cep, (4.13)

which may be reduced in term of dyonic form,
i.e.,

Ic

= i(f+ﬁ§)em +

n=1

=
(Currem dansity for Dyorxs)
= (_jx+ s'kx)el + (jy + s'ky)ez

+[Jr'z + x'fcz)e3 +[pm +x'pe)en,

[Pm + I.Pejeﬂ
_v—)
(Charge density for Dyans) (414)

here[}"’%):[J’“]’(E”{}m ):[K’“]and

IZj"év)_[“ﬂ’“]are respectively the four currents
associated with electric charge, magnetic
monopole and generalized fields of massive
dyons. Thus the right hand part of the equation
(4.11) can be expressed as

(JIE + fMEVE )
3
= Z [U’H + ik, )+ #2 [Aﬂ + B, )}'ﬂ (4.15)
=1

+

1

(Om +ips )+ 6* (+ s’@ﬂéu-

From equation (4.11), we get the following
differential equations

(‘?x E})x— %— yzfl }jx;(vectortenn ofey)

-+ -+

e

BEy 3 .
y—g—y A :er;(vectorterm ofes)

Z

(15 o O .
(VXH)Z—a—;—y AZ} T, Grector term of 3)

-(‘?xé) R
AR

‘?xé) +3H—y+
a

|

yzﬁx} -k, (imaginary vector term of ¢;)
(4.16)

pzﬁy] ~ky, (imaginary vector term of ¢))

X E) +%+y232} ~k;(maginary vector tem of eg)

Z

(\?f{)+ yzqn}: 0y (scalar term of ep)

(‘?E)— yzgﬁ}: 0, (1maginary scalar term of ep)

Thus the quaternionic formulation can be used to
study each components of generalized EM-field of
massive dyons. As such, equation (4.16) leads to
following compact form:
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(VE )+ 0= o

I:ﬁr ) o '?5': Fas

(T B)-u23-220 5, (.17
(¥ B) gz_%g_g,

which are the generalized Proca-Maxwell’s
(GPM) equations of generalized fields of massive

dyons. If we put # —0je. massless particles,
then (4.17) exhibits the simplest generalized
Dirac-Maxwell’s equation for dyons. The present
quaternion reformulation of generalized fields of
massive dyons represents well the invariance of
field equations under Lorentz and duality
transformations. It also reproduces the dynamics
of electric (magnetic) charge yielding to the usual
form of Maxwell’s equations in the absence of
magnetic (electric charge) in compact, simpler and
consistent way.

5. Conclusion

In this paper, the electric and magnetic four
complex-potentials of dyons have been considered
in usual four-dimensional quaternionic space. In
four-dimensional quaternionic theory, a massive
dyon is a hypothetical particle with both electric
and magnetic charges. A massive dyon with a zero
electric charge is usually referred to as a massive
magnetic monopole. Thus, the quaternionic
formulation of generalized complex-
electromagnetic fields equations and generalized
Proca-Maxwell’s (GPM) equations of massive
dyons have been described. Equation (4.17) is the
compact form of GPM equations of massive
dyons. Hence, we concluded that the four
dimensional quaternion algebra is very simple and
consistent to represent the electromagnetic theory
of massive dyons
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