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ABSTRACT

Theory of quaternionic harmonic oscillator
has been analyzed for the system of bosons
and fermions respectively in terms of
commutation and anticommutation relations.
Corresponding  Eigenvalues of particle
Hamiltonian and number operators are
calculated by imposing the restriction on the
component of quaternion variables. It has
been shown that the supercharge commutes
with bosonic and fermionic number operators
while the Hamiltonian be constructed from
anticommutation of supercharges. In SUSY
algebra it has been shown that the
supercharges commute with the
supersymmetric Hamiltonian.

1. Introduction:

Quaternions were the very first example of hyper
complex numbers having the significant impacts
on mathematics and physics [1-3]. In
quaternionic framework, natural laws [4] and
basic equations have been formulated by
Finkelstein et al [5-7]. Finkelisteinet.al. [1] first
introduced quaternionic quantum oscillator. Duc.
[8] used quaternions to construct bosonic
oscillator. Since quaternions are the extension of
complex numbers but they differs in the way that
they do not commute among themselves. This

32

puts restrictions in the formulations of bosonic
quaternion oscillator, fermion oscillator and then
supersymmetric harmonic oscillator. After the
invention of spinning particles attempts were
made to introduce quaternions in terms of Pauli
matrices and accordingly the isomorphism
between matrices and quaternions was
developed by Jolly [9] &Silveria [10].

Supersymmetry was first appeared in field
theories in terms of bosonic and fermionic fields
and the possibility was early observed that it
could accommodate a Grand Unified Theory
(GUT) for four basic interactions of nature
(strong, weak, electromagnetic and gravitational).
Gelfand and Liktman [11] did the first work on
super algebra in space-time within the framework
of Poincare algebra. The SUSY algebra in
quantum mechanics was initiated within the work
of Nicolai [12]. The bosonic degrees of freedom
are characterized by bosonic creation and
annihilation operators obeying the commutation
relations. Similarly fermionic degrees of freedom
are described by fermioniccreation and
annihilation operators and obey anticommutation
relations. Nicolai’s SUSY algebra was described
as N = 1 SUSY algebra, has been extended by
Witten [13]. The exact supersymmetry describes
symmetry between bosonic and fermionic degree
of freedom and is essential ingredient in grand
unified theory. The structure of Lie algebra that
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incorporates commutation and anticommutation
relations, characterizes a new type of symmetry,
dynamical symmetry which is supersymmetry i.e.
symmetry that converts bosonic part into
fermionic part and fermionic part into bosonic
part. Hamiltonian is one of the generator of this
super algebra, remains invariant under such
transformations. So that tremendous physical
contents are included in it as it connects different
quantum systems. In quantum mechanical system
SUSY has been found to be very useful [14].
Exact SUSY implies exact fermion boson
masses, which has not been observed so far.

Keeping in view the above points and starting
from the most general consideration that bosonic
operator are quaternion valued and using the
fundamental commutation relation that bosonic
operators satisfy, we have obtained the bosonic
harmonic oscillator in terms of Hamiltonian with
some restrictions in terms of quaternion
coefficients. Quaternion annihilation and creation
operator has been obtained by replacing the
imaginary number i by quaternion unit e;j. It has
been shown that the number operator commutes
with Hamiltonian and hence is a constant of
motion. The commutation relation between
number operator and creation operator as well as
annihilation operator are obtained consistently.
Accordingly using the eigenvalues of creation,
annihilation and number operators, the complete
eigenvalue spectrum of bosonic harmonic
oscillator has been obtained. It has been shown
that the ground state energy of harmonic

. 1 .
oscillator comes out to be ECOB’ while that of

: . 3
first excited state becomes EwB and so on and

this gives the usual results of algebra used for the
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system of bosons. It has been shown that those
particles, which do not follow the Bose-Einstein
statistics exactly and show deformation from this
statistics, are described in terms of g-deformed
algebra. Hence we have obtained the quaternionic
g-deformed oscillators and it has been shown that
in the limiting case q—1, g-deformation results
overlap with the actual results of system of
bosons.

Similarly we have described the
quaternionicfermionic operator, which satisfy
anticommutation  relation. The  fermionic
harmonic oscillator has been obtained in terms of
Hamiltonian and eigenvalue spectrum. It has
been shown that the eigenvalue equation of
fermionic number operator does not change the
state and the fermion harmonic oscillator consists

only two energy values —%a)F &+%wp. So itis

possible to create one fermionic particle in one
state and thus obey Pauli exclusion principle.
Like bosons we have constructed g- deformed
fermion harmonic oscillator for these particles
which exactly do not follow the F.D. statistics
and hence anticommutation relations in terms of
deformation parameter are obtained consistently
and corresponding eigenvalue spectrum is
described.

Supercharges, the generators of supersymmetric
transformations, are constructed from bosonic
and fermionic creation and annihilation operators.
It has been shown that the supercharge
commutes with bosonic and fermionic number
operators while the Hamiltonian be constructed
from anticommutation of supercharges. In SUSY
algebra it has been shown that the supercharges
commute with the supersymmetric Hamiltonian.
Accordingly we have constructed energy



International Journal of Pure and Applied Physics. ISSN 0973-1776 Volume 13, Number 1 (2017), pp. 32-43
© Research India Publications http://www.ripublication.com

eigenvalue of Hamiltonian by summing the
bosonic and fermionic energy eigenvalues. SUSY
Hamiltonian has been represented in diagonal
matrix form and then splitted into two super
partners Hamiltonian H:& H., to obtain the
energy eigenvalue spectrum of quaternion SUSY
oscillator.

2. Quaternionic Bosonic Harmonic Oscillator:

Let us define bosonic quaternion oscillator as the
extension of complex oscillator having the
decomposition

P A A A
4= %[aO +e4, +6,4, +8,4,] 1)
whered,,4,,4, &4, are  operators  and

e,,e, &e, are quaternion units .Its conjugate is

defined as
a' = i[éo - e1é1 - ezéz - esé-s] (2)
J6

Like other oscillator let us start with the

following fundamental boson commutation
relation i.e.
laat]=1, [ad=0 & [a.a]=0 (3

The condition [4,4]|=1 leads to
1[:910 +e8, +6,4, +e,4,,4, -4 —e,4, —e,4,]=1
6

which gives

el[éi’éo]"'ez[éz’éo]"'es[éyéo]:3

(4)

This is possible only when, If we impose

following conditions

[éi’é‘o]:el’ [éz’éo]:ez & [33,30]263 (5)

34

commute

Or in

where we assumed that e;,e, &e,
with bosonic components &,,4,,4, &4,

general

[4,.4,]=¢, (A=123)

l4,.e,]=0 (v=0123).  (6)

Let us describe the Hamiltonian for bosonic
harmonic oscillator

u!

. P? 1
H, =— + = »%§? 7
s = t5®d (7

which can be written in terms of 4& 4" as
R VR ita ~ 1
HB:ECOB(%‘ +8'8)= 0y(12+d'd) =0y, NB+§ (8)

A

whereN, =44 is called bosonic number

A

operator. In terms of bosonic components H,
can be given as

A ), A A N ”
HB:—B(a02+a12+a22+a32) (9)

6
We can form the Hamiltonian by

1 1
d=—(0f-¢p) &4 =—(wd+ep) (10
m(q 0) m(q P (10)

Then to recover the ordinary commutation
relation
l6.P|=en (11)

We then get the value of § & P coordinate by

A ), o X~ ), o n X~
p-t —b(—a*+a)= — (-4, +e,4, —e,4,)
g V2 3
(12)
. 2 (s A 3 4
4= —( +a) = |4,
@y, @y,
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In the ordinary case,substituting e, =i, the

commutation relation between § & P reduces to

l6,P|=in.

The bosonic number operator N, commutes
with Hamiltonian H i.e.
[Ny, Hg]=0 (13)

which satisfies the following relations

[F\IB’éT]:a)BéT (14)

Hilbert space of the oscillator is defined by &°
and 4 may be regarded as creation operator and
annihilation operator respectively.Let

Ng|n)=ng[n) with (n|n)=0  (15)

Then from equations (14)

Ngan) =a(N, —1)|n>= (n—1)an) (16)

Hence aln) is an eigenvector of Ngwith Eigen

value (n—1) provided only that ajn)=0. The

squared norm of this vector is

((nfa" @)= (n[Ng|m)=n(n|m) ~ (7)
From equation (14a) we get
Nga'|n) =a' (N, +1)n)=(n+1)a'|n) (18)

The squared norm of this vector is

35

n))=(n|N, +1|n) = (n+1)(n|n) (19)

(nja)a’

Which never vanishes because

n>0. Thus

a[n) is an eigenvector of Nywith eigenvalue
(n+1). By repeatedly applying operator &' we

can construct set of eigenvectors having the
eigenvalues nn+Ln+2 n+3... The

sequence will begin with eigenvalue n=0.

So the orthonormal eigenvectors of N, will be

denoted as |n)

Ng[n)=ngn),  ny=0123----- (20a)

Since &' n) IS proportional to ‘ n +1>. So we may
write

a'ln)=C,|n+1) (20b)

whereC, is the constant of proportionality, can
be obtained from the norm of this vector. Hence

C,|” = ((nja)a’|n))=n+1= C, =n+1
a'ln)=vn+1n+1) (21)
From this result we have

In) = (nt)2 (@ ) |n+2) (22)

which describes the following expression for the
matrix element associated with the creation and
annihilation  operators on imposing the
orthonormality condition to equation (22)

(n'[a’|n) =vn+15, ., (23a)
(n'|an) = ns,, , (23b)

Shows that matrix has its non-zero element one
space below the diagonal and one space above
the diagonal. From equations (22a) and (23b), we
get following results
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gn)=vhn-1) & &

0) , n=0 (24a)

Finally the eigenvalues and eigenvectors of
bosonic harmonic oscillator are described as

Hg|n)=Eg[n) (24b)

where E, =(n+%}w5. In other words we get

following eigen-value spectrum

4/0)=0,4a" n) =/(n+1)| n+1),
4/ n) =vn|n-1) Ng|n) =n| n)

(25)
The state vectors as then span the Hilbert space
1
n)=—

m(éﬂ)”l 0)

(26)

Where | 0) is considered as ground or vacuum

state, which must be normalized

<O|O> =1 (27)
Then gives the familiar results
Hg|n) = Eg|n) = @, (ng +1/2) |n)
( 1} (28)
EB :a)B nB + E

wheren; =0,1,2,3/4...........

Now one can construct the eigenvalue spectrum
as

H,|0) = m,(a7a|0) +1/2|0))

EB,O

1
E Wy (293.)

This is the ground state energy of bosonic
harmonic oscillator

Now the energy of first excited state is given by

i-nf -2

36

Eg, = ga)B (29b)
Similarly

5
EB,Z = ECOB (29C)

and so on. It shows that Eigen value is +% for

ground state.

We may now express the Hamiltonian |le in
the representation in which ¢ is diagonal, we
can calculate the eigenvalues of H,. The

eigenfunctiony, (x) =(n|x)  can be taken as
expansion coefficient of abstract eigenvectors of
H, and |n) in terms of eigenvectors of §.We
may now calculate the matrix element spanned
by the basis of elements formed by the
eigenvectors of H,, and of N, =(a'a) in the
following matrix form using equation (12) for
projection operator and equation (23) i.e.

0 V1 0 0.
<n,|q|n>: i \/1 0 \/E 0 .......... (30)
|0 V2 0 V3.
0 0 V3 0 .
3. g-Deformed Bosonic Oscillator:
Sometimes particles do not follow Bose
Einstein’s statistics completely. They show

deformation from it. In that case they are defined
by introducing the deformation parameter.
Suppose it is denoted by q . Then the Bosons

are supposed to follow the following relations

A

a'-gafa=q

—

a,a', = (31)
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where N, is the bosonic number operator. In

symplectic representation &,4"can be defined as

AT A

a=a,+ed,, a'=a, +e,a,
a'a=a’+a,/ +ea,.4,]
aa'-a,’+a,’ —e,a,.4,] (32)

So equation (31) can be written as

(a7 +a' J1-q)-e, 4%, 4" J1+ q) =™ (33)

The notation in terms of deformation parameter
q can be defined as

c_0 —¢

Xl = - (34)

==
Ng _ ~CNg

ala=|N, ] =49 (35a)
4g-q

R qNB+I _qc(NB+I)
aa" =[N, +1]° = "~ (35h)

q q_
Then the relation (9b) and (10a) in terms of
deformation parameter can be written as.

- %([NIB + ILC + [NBLC)
[Is,dJ:—el([NB + IJqC +lNIBL°)
and the number operator N is given by equation

Ng|n) = nfn)

Hence equation (24b) and (25) can be written as

= [n+1); + [nly’)

[B.6]=—e,(n+1]° +[n].°) (39)

Taking c¢=-1 the energy of g-deformed
oscillator is given as follows

(36)

(37)

E, (38)

37

:&|:qn+1q(n+1) +q _q
-1

21 a9-q q-q°

As such we may have the following set of

equation of energy spectrum i.e. for ground state
energy

E

(40)

For n=0Ez, = -, (41)

N |-

Corresponding to the usual results of quantum
mechanics.

() For n=1
- {W] 1 {(q 0 (q—ql)(qwlw
Bl B ) g )
2 q-q 2 q-q
Es, =-wyl+q+q?) (42)
(i) For n=2
_1 +0°-q° -
. {q o q q}
o8- )0 <0 +1)+la-q*fa+q)
2 q-q*
Es. :%a)B(1+q+q1+q2+q2) 43)
and so on.

In the limiting case q —1, we get the familiar
results, but when q =1 the energy states are not

equally spaced, although we get well known
results that energy is 1/2 for ground state still.

4, Quaternionic ~ Fermionic ~ Harmonic

Oscillator:

Similarly we can write the following anti
commutation relation for fermionic harmonic
oscillator
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o=t Pobj=o

whereb is a quaternion and may be decomposed
as

britl-o (a9)

A

B:%J&%@+%@%ﬁgﬂiwﬁﬁ

(45)
b'—T eb eb b) b, —€,b,
Whereﬁa = 60 +e161 and Bﬂ = 52 —eZA3

b b" to be the component of
fermionic harmonic oscillator the necessary and
sufficient condition that these must have to
satisfy all the relations of equation (44). So we
may apply these relations in following steps.

Now for

(i) The condition {b,b' |=1=>

mﬁw:%@+q@+%@+%@ﬁff@_%@_%@}
=%[2602 2624207 +20)]
or 502 +612 +622 +632 =3 (46)

(if)The condition

6,6f=0 = B>=0 e

1~ . . . 1~ . . .
%(b0+elbl+ezb2+e3b3)x%(b0+elbl+ezb2+eSb3):O
=62 625,257 +e, 5,6, [+, 5.6

(47)

.
eS[A ,63]=0

+e3{b }+e[b2,b]+e[ ]

(iii) The condition

{B",6}=0 = b =0ie.

(b, e —eb, —eby ) x—(by—eb —eb, —eh)=0

1
V6 V6

38

B 6766 el B e (B8]
by, b

}+e 6,5, &[5, 6]+ .6, = 0

By combining equation (46), (47), (48) we get
following conditions

0,i=123

b=
[62,63J=[63,61]=[61,62]=0 = |6 =0 i=j@o)
where the capital bracket defines the commutator

and the curly bracket defines the anticommutator.
Let us now write the fermionic Hamiltonian as

&=%%@m_%ﬂ:%@ﬁuﬂ

=%@m%j:%@f3

A A

Substituting the value of b'b in equation (50)
from equation (45).

(50)

A

He = m”wnwbwa) (51)

We may express the fermions in terms of Pauli
matrices as

{6,6'|=1

By expanding the  commutating
anticommutating bracket we get

& b6'=0, (522)

and

A

nnp 1 0| ~n ~~ (10

bb'+b'b = &hb"-b'h= (52b)
01 0 -1

(52c)

Here b and b'can be formed from quaternion
matrices as follows
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b

1. 01
= E(Iel—ez){o 0} (53a)

bt =%(iel +ez)={0 O}

o (53b)

Let us obtain the eigen value spectrum of fermion
oscillator for which the Hilbert space with

eigenvector |n) can be constructed as

Neln) =nln): B) =[0)
B'}1)=[0) = o)

.bfl0)=]1) &
(54)

So that the eigen value equation (50) is given as

R ~Aon 1 1 1
HF|1>:a)F[b’b-§j|1> :w{l-ﬂm “o 2

1
or Er =—w
FT oy 0F
(55a)
N ron 1 1 1
felo) = o 662 J0)= [ 0-3 )1 =-o. 311
A 1

(55)

also<0|0> =1 shows the normalized state.Hence

we get the eigenstate—%&+% in this

oscillator. The ground state energy of this
oscillator is —%a)F. Since {6*,6*}:0. So it is

possible to create one fermionic particle in one
state. Thus obey Pauli exclusion principle.
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5. g-Deformed Fermionic Oscillator:

We can now establish the deformaton for the
system of fermions on the same basis as we have
discussed earlier for the system of bosons. The
l\AIF
fermions satisfy the relation

number operator takes values 0,1 and

bb" +q'b'b =g (56a)

instead of anticomutation relation given by
equation (44). Thus we get the following relation
for fermion operators

b'6 = N, | (56b)

and the fermionic Hamiltonian is described by
equation (50). The spectra of which have only
two levels

(57)

The energies are now g-independent and ground

. . 1
state energy is thus negative (— E]

6. Supersymmetric Harmonic Oscillator:

Let us now construct a simple supersymmetric
quantum mechanical system that include the

bosonic oscillator degree of freedom (é*, é) and

fermionic spin (—%) degrees of freedom

(6*,6) We call it as supersymmetric harmonic
oscillator .The supersymmetry is obtained by
annihilating simultaneously one bosonic quantum
n, — N, —1 and creating one fermionic quantum

n, ->n; -1 or vice versa. We illustrate the

annihilating (supersymmetric) charges
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(generators)  for SUSY oscillator by letting

Wy =W =® as

?:@(Aiﬁ*) (58)

4" =vo ')

where Q & Q' satisfies

QN0 MR e g,

[ ’NF]:O [ T’NF]:_QT

and

Qna.ne) =0 +1) |ng +1n. -1) ifn_ =
=0 if no=0

along with

Q.|ng,n:) \/_|n -1ng +1) if ng =0,n. =0
=0 ifng=0n;=1 (59b)

Thus energy states Ing +1,n. —1) and

Ing —L,n. +1) are degenerate in energy with the

state |ng,ng ). So that Hamiltonian H becomes

1-10".0}= 0l B6'a.+ 538" bj=wia'a+b'b}
= Fiye+ Hn = Ao + Hrarion = 0[N + N )(59¢)
and

H.Q]=[r.Q"]-0 )
Energy eigenvalue is

E=w(ng +ng)=on (60)

N =01 &n; =0123.............. .

In terms of quaternion component the total
oscillator is written as

40

A

I:I=H +H;

A

e )(61)

:%ao 14, +4] +20, (e, +e b, +e;)
which can be visualized analogously to the
following expression of harmonic oscillator in

one dimensional form discussed earlier [44] i.e.

. d> x*) 1

H=|-—+=— |- Z|w, ' 62
where

T S S s Lp .
HB—( dx2+4j & He 2[1//,!//]

Here the term 2b,(e,b, +e,b, +e,b,) given in
equation (61) removes the zero point energy. But

non-linear.in nature hence in the general case we
can write susy Hamiltonian in the form

-l

In order to write the explicit form of a general
supersymmetric harmonic oscillator Hamiltonian
three  dimensional representation and
accordingly to visualize the present theory of
quaternionic  harmonic  oscillator in three
dimension ,we may substitute the following
relations between the operators;

2
H =(—d—+w

e (63)

in

A 2 6 2 A 2 6 d2

a,  =——W?, 4°=——— ,

0 ) '  dx*

po_ 800 L. 63

2 wdy?’ w dz°

Son @ ' oL w '

bob, = — Ea3w (x), by, =— 5aSW (y),
A A a) ,

byb; =— EO-SW (y) (64)
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As such the SUSY Harmonic oscillator becomes

we|
(65)
~ o eV () + eV (y) e (2)

This is three-dimensional representation of
quaternionic harmonic oscillator. and can be
reduced further to ther case of one dimension
only by setting Y =Z =0 i.e.one-dimensional

harmonic oscillator is
2

H =(———WZJ—63(92W'(X) )

dx?

[efy 3 Yo

L W' 0
S -e )
) d2 2 !
0 . ()| (67)
CH, 0
0 H
whereH, and H_  are denoted as
quaternionicsuperpartner Hamiltonians i.e.
~ |AAT 0
H= 68
s <>
where A is generalized (combined bosonic and
fermionic i.e. supersymmetric) annihilation

operator and A" is generalized creation operator,
and given by

d
A:W(X)+ 82 & (69)
AT =W (x)+e, S (70)
dx

The supercharges given by equation (58) may
thus be represented by (10) and (58) respectively

41

for bosonic and fermionic operators along with
the expression used by equation (12) for position
and momentum operators and accordingly we
may thus obtain the supersymmetric Hamiltonian
operator given by equation (66). Returning to
equation (60), the eigen state is described as

Ing,Nn)and ground state as |0,0) so that

H[ng.n:)=E o [ne.Ne) (ng=0123, ;
n.=0 orl) (71)

We also have

Q|n.1) =Vn+1n+1,0)

Q'|n+10) =Vn+1nl)  (72)

These supercharges represents conversion of a
fermionic state to a bosonic state and bosonic
state to fermionic state
Qf |boson) =|fermion)
Q [fermion) =|boson) (73)

Equation (59c) is the direct analogous of
following equations of super symmetry

{ AaT 1Qﬁ}: Pﬂ(o-,u )aﬁ (74)
H.8,]=0 (75)
For u=0anda =/ =1. Supercharges always

Hamiltonian. Thus the
anticommuting charges in quaternion formalism
combine to form the generators of time

translation, namely the Hamiltonian H .The
ground state of this system is the state

|O>os‘c|0>spinor |O>boson| O> fermion - |O’O> ! where both

commute with usual

bosonic and fermionic degrees of freedom are in
the lowest energy state. This state is unique one
and satiafies
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Q|0,0) =Q'| 0,0) =0 (76)

As such we may calculate the energy of

supersymmetric  harmonic  oscillator  from
equation (3.59) i.e.
H|0,0) = w(a'a+b")0,0)=0  (77)

which shows that SUSY does not break for
ground state, and we have the higher energy
states in the following manner

|10) = w(a'a+b6)10) = (789)

Hj0l) = w(a'a+b6)os)=w  (78D)
and accordingly
H|10)=E[10)=w (78c)

H|2,0) = E[11) = 20 (78d)

H|3,0) = E|2,1) = 3w (78e)

and so on. It shows that the energy states (1,0)
and (0,1) are degenerate states. Similarly (2,0)
and (1,1), (3,0), (2,1) and (1,2) are also
degenerate. As such the excited states form a
tower of degenerate levels (table) with energy

(n+%)ha)i%ha), where the sign of the second

term is determined by whether the spin % state

is [1) (plus)or [0) (minus).

42

Illustration as follows

Energy State
Boson Fermion
0 0.0)
2 10) o)
20 20) 1)
3o [3.0) |2.1)
40 40) 31)

The tower of states describes the boson fermion
degenracy for exact supersymmetry. The bosonic

state |[n+10) (called bosonic in field theory

analogy because they contain no fermions) have
the same energy as their fermion partner in |n1)

Thus the quaternion reformation of a super
symmetry gives rise to a simple representation of
super symmetry in quantum mechanics. It is
however, trivial since it describes non-interacting
boson (oscillator) and fermions (spin -1/2
particles).
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