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 

Abstract—Using quantum molecular dynamics (QMD) model 

as phase space generator and energy based clusterization 

algorithm namely simulated annealing clusterization algorithm 

(SACA), we study the role of temperature of nuclear system on 

the final cluster structures by implementing different thermal 

binding energies in the computer analysis code. We find that the 

inclusion of different thermal binding energies do not affect the 

final observations significantly. We also compare our calculations 

with experimental data and find consistent results.    

 
Index Terms—Molecular dynamics model, clusterization 

algorithm, heavy-ion collisions at intermediate energies, 

computer clusterization code.  

 

I. INTRODUCTION 

t intermediate energies, heavy ion collisions may be 

conjectured as a sequence of different physical conditions 

[1-4]. Well before the collision, projectile and target are 

in their respective ground states. As soon as they touch each 

other, they form a compressed and highly excited unstable 

system. The kinetic energy stored in the system in the form of 

pressure gradient causes the expansion of this unstable system 

that shatters into number of excited clusters. With the passage 

of time, these clusters move away from each other and get de-

excited by emitting particles. To develop the theory which 

explains this compression-expansion scenario is a very tedious 

task in the present era [4-15]. On one hand, it has been 

considered that the disassembly of nuclear matter into clusters 

have statistical (thermal) origin [4, 5], whereas on the other 

hand, dynamical picture of fragment origin is also found to be 

equally successful [5, 6]. As the statistical models cannot 

follow the time evolution of clusters, therefore, dynamical 

models are more suitable for this purpose. In the present study, 

we will discuss cluster formation in heavy-ion collisions by 

considering dynamical picture of fragment formation in the 

light of many-body dynamical models [5,6].    

Every dynamical model provides information of the 

colliding system in form of time evolution of the phase space 

of nucleons. As these models do not provide cluster 

information directly, therefore, the phase space of nucleons is 

injected into secondary clusterization algorithms [5,6]. Among 

different clusterization algorithms (that vary from checking 
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simple spatial constraints between the nucleons to the complex 

energy based algorithms [5-15]); we will use simulated 

annealing clusterization algorithm (SACA) in the present 

study [13]. This clusterization algorithm is based on the 

energy minimization that can find the fragment structures at 

the earlier times when nucleonic matter is still in interaction 

phase (approximately 60-100 fm/c). Its early versions ignored 

the excitation energy or the temperature of the fragmenting 

system while searching for the most bound structure.  

In the literature, many efforts have been devoted to find the 

temperature of the fragmenting system [16-20]. Different 

thermometers are introduced, which use different properties of 

the fragmenting system to measure the temperature attained by 

the fragmenting system. One of the first methods to measure 

the temperature of the compressed system has been introduced 

by Albergo et al [19], which took the base line from the Hoyle 

et al [20]. They used the ratio of the isotopes of light 

fragments formed in the reactions. Further, there are other 

thermometers based on the isotope ratios of heavy fragments, 

kinetic energy spectra of the light fragments etc. In all these 

studies, it was observed that the temperature of the 

fragmenting system comes out to be upto 6 MeV [16-18].  

It is worth mentioning that in the recent times, spatial 

clusterization algorithm has been improved by including 

temperature of the system [12]. Motivating from this study, in 

the present work, we will extend the SACA computer code by 

including the temperature of the system in the numerical 

formulation in the terms of temperature-dependent binding 

energies. It is worth mentioning that the studies of Karthikraj 

et al [21] at low incident energies and Souza et al [22] at 

intermediate energies, showed significant effect of different 

binding energies on various observables and non-observables. 

The present study will be extended in this direction by using 

different forms of the temperature-dependent binding energy 

formulae in the SACA formulation. We will particularly use 

the formulae devised by Davidson et al [23], Pi et al [24] and 

Sauer et al [25]. We will also compare our results with the 

experimental observations. 

In section II, we will give brief description of the primary 

model QMD.  Then, we will give brief details of the SACA 

and different temperature-dependent binding energy formulae 

used in section III. Section IV will deal with the comparison 

of our results with the available experimental data. Lastly, we 

will summarize our work in section V. 

II. QUANTUM MOLECULAR DYNAMICS MODEL 

Due to complicated physics involved in the breakup 

process, a complex model with auxiliary tools is needed. The 

initial information of the time evolution of the collision is 
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modeled with quantum molecular dynamics (QMD) computer 

program [6]. The QMD model is an n-body dynamical model 

that operates at nucleonic level. In this model, each nucleon is 

represented by a Gaussian wave packet in coordinate and 

momentum space. The time evolution of the centroid of 

nucleonic wave packet is obtained by using classical 

Hamilton’s equations of motion: 
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here the Hamiltonian (<H>) is the sum of the kinetic energy 

(<T>) and potential energy (<V>) of the n-body system 

<H> = <T>+ <V>. 

Here <V> consists of contributions from phenomenological 

Skyrme, long range Yukawa and Coulomb interactions. 

During the propagation, two nucleons are assumed to suffer 

collisions if the distance between their centroids is less than 
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where )( s  is the total cross-section depending on the 

invariant mass s . The phase space thus generated is stored at 

number of time steps and is injected into clusterization 

algorithm/computer code to obtain cluster information.   

III. SIMULATED ANNEALING CLUSTERIZATION ALGORITHM 

(SACA): EXTENDED COMPUTER CODE 

 

This robust clusterization algorithm is based on the 

principle of energy minimization of fragmenting system. This 

algorithm can realize the final fragment structures very early 

in time, therefore, valuable information about the fragment 

formation, space and velocity co-relations can be studied at all 

times, especially at the early stages of the reaction. In this 

algorithm at the initial stage, one starts from a random 

configuration, from which, all possible cluster configurations 

are constructed by shifting single nucleons or clusters from 

one cluster identity to other cluster. All these possible 

configurations are stored at all times. At final times, only that 

cluster configuration will be realized for which the 

fragmenting system has most bound structure.  

In order to avoid the formation of unrealistic clusters at 

intermediate steps of the SACA technique, the binding energy 

of each cluster (ζi) is checked according to the following 

condition: 
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where therm

bindE  is the temperature-dependent binding energy 

defined in the following paragraph. In the above equation, Af 

is the number of nucleons part of a cluster and cm

A f
P  is the 

center-of-mass momentum of that cluster. The temperature-

dependent binding energies therm

bindE are calculated using 

temperature-dependent binding energy formulae of Davidson 

et al, Pi et al and Sauer et al. Let us discuss these binding 

energy formulae briefly. 

A. Temperature-dependent binding energy formulae 

Sauer et al [25] formulated the temperature dependence of 

binding energies on the foundation of thermal Hartree-Fock 

approximation (THFA). In the THFA theory, the effect of 

temperature on the structure of the nuclei is also included in 

the calculations. In this theory, the energy per particle for 

infinite nuclear matter (i.e., volume energy + volume 

symmetry energy term) is obtained by using Skyrme force 

parameters in Hartree-Fock calculations. The energy for finite 

nuclei is calculated by using temperature-dependent Hartree-

Fock theory. Then subtracting these two energies one can 

obtain the surface, free surface and Coulomb energy 

contributions for finite nucleus. The formula in its final form 

is written as: 
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In this formula, Zf is the charge and Af is the mass number of 

the cluster. On the other hand, Pi et al [24] used finite-

temperature nuclear Thomas-Fermi model. In this theory, the 

nuclear density varies continuously from centre to exterior, 

dissimilar to the Sauer et al [25]. The formula in the final form 

reads as:  
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The parameters used in the above formula are given in Ref. 

[24]. 

 

The third formula used in the present study is parameterized 

by Davidson et al [23] in the framework of canonical 

ensemble theory. This formula takes care of the pairing energy 

also and reads as: 
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The values of the parameters used in the above formula are 

extracted from the graphs in Ref. [23].  

The earlier SACA computer code was extended by 

incorporating the above binding energy formulae in the 

simulations.  Due to these extensions, the computation time 

further increases many folds. Currently, we are working to 

upgrade the computer code to minimize the computation time. 

The SACA versions with temperature-dependent binding 

energy cut of Davidson et al, Pi et al, and Sauer et al are 

labeled as SACA (3.1), SACA (3.2) and SACA (3.3), 

respectively.    

IV. RESULTS AND DISCUSSION 

 

In Fig. 1, we display the incident energy dependence of the 

mean size of the largest fragment (<Af
max>) and multiplicities 

of the free nucleons (FNs), light charged particles (LCPs) [2 ≤ 

Af ≤ 4], medium mass fragments (MMFs) [5 ≤ Af ≤ 9], heavy 

mass fragments (HMFs) [10 ≤ Af  ≤ 28] and intermediate mass 

fragments (IMFs) [5 ≤ Af ≤ 28] for the central reactions of 
40Ar+45Sc. The squares, triangles and circles represent the 

results obtained using SACA (3.1), SACA (3.2) and SACA 

(3.3), respectively. All results are at time of minimum in 

<Af
max>. 
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Fig.2. The charge distribution of the central reactions of 40Ar+45Sc at incident 
energies of 25, 45, 75 and 115 MeV/nucleon. The experimental data [26] is 

shown by stars and other symbols are described in the text.    
 

From the figure, we see that with the increase in the 

projectile incident energy, the mean size of the largest 

fragment decreases (<Af
max>) and multiplicity values of free 

nucleons and LCPs increases continuously. On the other hand, 

the multiplicities of MMFs, HMFs and IMFs show a rise and 

fall behavior. These different behaviors of different clusters    

as a function of the projectile incident energy can be 

understood as following: 

At lower incident energies, lesser energy is stored in the 

system; hence, nuclear system will have a large single 

fragment and lesser number of other fragments. As the 

projectile incident energy increases, more energy is deposited 

in the colliding system that will produce more breaking in the 

system. Due to which the mean size of the largest fragment 

decreases and the multiplicity of all cluster sizes increases. If 

the projectile incident energy is further increased, the 

possibility to obtain bound cluster decreases. Therefore, we 

see a rise and fall behavior for MMFs, HMFs and IMFs. The 

value of the energy at which maximum clusters are produced 

shifts to higher values as one goes from HMFs to IMFs to 

MMFs. The free nucleons and LCPs have contribution from 

lighter masses, therefore, the peak in the multiplicity will be 

observed at much higher energies than considered in the 

present study.  Also note that, multiplicities of free nucleons 

and LCPs have two types of contributions: first at the pre-

equilibrium stage of the reaction and second due to the 

evaporation from the excited heavier fragments. Therefore, 

things get mixed up and we cannot depict the exact behavior, 
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 Fig.1. The mean size of the largest fragment <Af
max> and multiplicities of 

the free nucleons (FNs), LCPs, MMFs, HMFs and IMFs for the central 

reactions of 40Ar+45Sc as a function of incident energy. 
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we can only conjecture the rising behavior in the multiplicities 

of the free nucleons and LCPs.   

From the figure, we also see that the role of including 

temperature-dependent binding energies in the analysis is very 

small and do not influence the final results significantly. One 

can see that all versions of SACA computer modeling show 

similar behavior for all the fragment masses and also give 

same absolute values. These results indicate that the SACA 

computer algorithm is independent of the binding energy cut. 

Of course, if cold binding energies are implemented then one 

may get difference as clusters are not be cold, but excited. 

V. COMPARISON OF OUR THEORETICAL RESULTS WITH 

EXPERIMENTAL DATA 

 It may happened that total multiplicity values come out to 

be same with all versions of SACA computer modeling but 

individual fragment structure that lies in the same mass 

windows may change. To deal with this aspect, we present the 

comparison of our theoretical results obtained using different 

versions of SACA computer code for multiplicity values of 

individual fragments in terms of charge distribution of the 

fragments. We will also compare our calculations using 

various versions of SACA algorithm with the available 

experimental data to ensure that SACA includes the relevant 

physics.  

In the Fig. 2, we display the charge distribution for the 

central reactions of 40Ar + 45Sc at incident energies of 25, 45, 

75 and 115 MeV/nucleon. The experimental data points [26] 

are represented by the stars and other symbols have the same 

meaning as that in Fig.1. Calculated results are normalized to 

experimental data at Zf = 3. From the figure, we see that the 

slope of the charge distribution becomes steeper as the 

incident energy is increased. This happen due to the reason 

that with increase in the energy, the deposited incident energy 

increases and more number of lighter particles will sustain 

after the reaction as compared to heavier one. One can clearly 

see that the experimental trends and the absolute yields are 

reasonably reproduced by all versions of SACA computer 

codes using different formulae for analysis.  

VI. SUMMARY 

In this work, we have tested the sensitivity of the energy based 

algorithm SACA towards the inclusion of temperature of the 

fragmenting system. For this, clusterization/computational 

algorithm was extended to include temperature-dependent 

binding energies. Our calculations demonstrate nearly 

insensitive response towards different binding energies. As 

computational time increases many fold, currently we are 

working to upgrade computer code to have faster outcome.  
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