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Abstract:
This study presents a methodology to compute the mass of a
two-stage bevel helical gearbox. The objective function
depending on the transmission ratios of two stages was
examined with the constraint conditions of the important input
parameters. These input parameters were given for designing
the screening experiment with the help of Minitab 19. The
results indicate that not only input parameters but also their
interactions have important influences on the optimal
transmission ratios. Based on the regression and variance
analysis, a mathematical model to compute the optimum
transmission ratios was resulted as an explicit equation. The
reliability of the mathematical model is verified by the results
of the screening experiment. Therefore, the transmission ratios
are determined simply. This can increase the economic and
technical effectiveness in gearbox design process.

In recent years, there have been several researches regarding
bevel gears. The calculation of gear ratios for three-stage
bevel helical gearboxes has been investigated in [19,24]. Vu
and Nguyen [25] proposed the determination partial ratios of a
chain drive and gear ratios of a two-step bevel helical
gearbox. In this work, both the partial ratio of a chain drive
and gear ratios were obtained by minimizing the cross-section
function. Besides, examining a two-step bevel helical reducer
was also found in [8]. The gear ratios were determined based
on the minimum reducer length. However, for two-step bevel
helical gearboxes, the optimization problem related to the
gearbox mass has not been investigated. Moreover, various
factors affecting gear ratios also have not been mentioned in
these previous works. Therefore, in this study, we present a
methodology to determine transmission ratios based on
minimizing the gearbox mass function. Additionally, several
input parameters were considered to discuss the effects of
them on the optimal transmission ratios. To do this, the
screening experiment was conducted with the input
parameters. The regression and variance were used to build
the explicit equation of the optimum gear ratio.

Keywords: Bevel Gearboxes, Gear ratio, Gearbox design,
Optimization gearbox design.
1. INTRODUCTION
In a process of calculating gearboxes, the selection of the
partial transmission ratios plays an important role because of
its effects on the size, mass, and cost of gearboxes. In regard
to methods for determining the partial transmission ratios, the
graphical method was investigated in [1–6], which normally
uses graphs to calculating gear ratios in a design process. With
the practical method, partial transmissions ratios are
commonly given in a table by the professional experiences
from expert designers [7]. For the model method as found in
[8–11], gear ratios are regularly led to mathematical models.
For concerning the study on types of gearboxes, the partial
transmission ratios have been investigated for two-step

2. OPTIMIZATION PROBLEM
This section presents the procedure to compute the objective
function based on the mass of a two-stage bevel helical
gearbox. The diagram of a two-stage bevel helical gearbox is
described in Figure 1. The main components of this gearbox
include the gears, the gearbox housing, and the shafts, which
mainly affect the mass of the gearbox. Therefore, the gearbox
mass, denoted by 𝑚𝑔𝑏 , can be calculated by
𝑚𝑔𝑏 = 𝑚𝑔 + 𝑚𝑔ℎ + 𝑚𝑠
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(mm) [27]; 𝑅𝑒 is the cone distance (mm) which can be
calculated by [27]:

Where, 𝑚𝑔 , 𝑚𝑔ℎ and 𝑚𝑠 are the gear mass, the gearbox
housing mass, and the shaft mass, respectively.

3

𝑅𝑒 = 𝑘𝑅 ∙ √𝑢12 + 1 ∙ √𝑇11 ∙ 𝑘ℎ𝛽1 /[(1 − 𝑘𝑏𝑒 ) ∙ 𝑘𝑏𝑒 ∙ 𝑢1 ∙ [𝜎𝐻 ]2 ] (7)
A1

1.5SG

In here, 𝑘𝑅 is face width coefficient; for a steel straight bevel
gear, 𝑘𝑅 = 50 (MPa) [27]; 𝑘𝐻𝛽 is the contacting load ratio
for pitting resistance; for a straight bevel gear set 𝑘𝐻𝛽 =
H

1.04 ÷ 1.18 [27] and choosing 𝑘𝐻𝛽 = 1.11; 𝑘𝑏𝑒 is the face

5SG

width coefficient, 𝑘𝑏𝑒 = 0.25 ÷ 0.3 and choosing 𝑘𝑏𝑒 = 0.27;
𝑇11 is the torque on the pinion; 𝑑𝑒11 and 𝑑𝑒21 are respectively
the outer pitch diameters of the pinion and the gear. With
straight bevel gear set, 𝑇11 , 𝑑𝑒11 and 𝑑𝑒21 can be computed as
[27]:

L

III

ds1

II

dw22

1.5SG

SG

dw12

ds3

A2

SG

(8)

𝑑𝑒11 = 2 ∙ 𝑅𝑒 /(1 + 𝑢12 )1/2

(9)

𝑑𝑒21 = 2 ∙ 𝑢1 ∙ 𝑅𝑒 /(1 + 𝑢12 )1/2

B1
B

I

d'e11

de11

ds2

𝑇11 = 𝑇𝑜𝑢𝑡 /(𝑢𝑔 ∙ 𝑏𝑔 ∙ ℎ𝑔 ∙ 3𝑏𝑒 )

(10)

In which, 𝑢𝑔 is the total gearbox ratio; 𝜂𝑏𝑔 is the efficiency of
de21

the bevel gear set, 𝜂ℎ𝑔 = 0.95 ÷ 0.97

1.5SG

d'e21
l0

efficiency of helical gear set, 𝜂ℎ𝑔 = 0.96 ÷ 0.98 [27]; 𝜂𝑏𝑒 is
the efficiency of a rolling bearing pair 𝜂𝑏𝑒 = 0.99 ÷ 9.995
[27]. Choosing 𝜂𝑏𝑔 = 0.96;
𝜂ℎ𝑔 = 0.97, 𝜂𝑏𝑒 = 0.992,

Figure 1. Diagram of calculating gearbox mass for a twostage bevel helical gearbox

𝑇11 can be rewritten as:

2.1. Gear mass calculation

𝑇11 = 1.1001 ∙ 𝑇𝑜𝑢𝑡 /𝑢𝑔

As shown in Figure 1, there are two bevel gears of the first
stage and two helical gears of the second stage. The total mass
of gears is therefore written as
𝑚𝑔 = 𝑚𝑏𝑔1 + 𝑚𝑏𝑔2 + 𝑚ℎ𝑔1 + 𝑚ℎ𝑔2

(2)

the pinion and bevel gears (kg), and 𝑚ℎ𝑔1 and 𝑚ℎ𝑔2 are the
mass of the pinion and helical gears (kg), respectively. In
general, the mass of each gear can be computed by
multiplying the weight density and the volume of gear. Thus,
𝑚𝑏𝑔1 , 𝑚𝑏𝑔2 , 𝑚ℎ𝑔1 , 𝑎𝑛𝑑 𝑚ℎ𝑔2 can be calculated by:

2
𝑚ℎ𝑔2 = 𝜌𝑔 ∙ 𝜋 ∙ 𝑒2∙ 𝑑𝑤22
∙ 𝑏𝑤 /4

(12)

𝑑𝑤22 = 2 ∙ 𝑎𝑤 ∙ 𝑢2 ∙/(𝑢2 + 1)

(13)

3

𝑎𝑤 = 𝑘𝑎 ∙ (𝑢2 + 1) ∙ √𝑇12 ∙ 𝑘𝐻𝛽 /([𝜎𝐻2 ]2 ∙ 𝑢2 ∙ 𝑋𝑏𝑎 )

(14)

(3)
With

2
′2
𝑚𝑏𝑔2 = 𝜌𝑔 ∙ {(𝜋/3) ∙ [𝑑𝑒21
∙ 𝑅𝑒 ∙ 𝑐𝑜𝑠𝛿2 /4 − 𝑑𝑒21
∙ (𝑅𝑒 − 𝑏) ∙

𝑐𝑜𝑠𝛿2 /4]}

𝑑𝑤12 = 2 ∙ 𝑎𝑤 /(𝑢2 + 1)

In Eq. (12) and (13), 𝒂𝒘 is the center distance of the helical
gear set which is found by [27]:

2
′2
𝑚𝑏𝑔1 = 𝜌𝑔 ∙ {(𝜋/3) ∙ [𝑑𝑒11
∙ 𝑅𝑒 ∙ 𝑐𝑜𝑠𝛿1 /4 − 𝑑𝑒11
∙ (𝑅𝑒 − 𝑏) ∙

𝑐𝑜𝑠𝛿1 /4]}

(11)

In Eqs. (5) and (6), 𝑒1 and 𝑒2 are volume coefficients of the
pinion and the gear of the helical gear set; 𝑒1 = 1 and 𝑒2 =
0.6 [27]; 𝑏𝑤 is the gear width of the helical gear set (mm);
𝑏𝑤 = 𝑋𝑏𝑎 ∙ 𝑎𝑤 (mm) [27]; 𝑑𝑤12 and 𝑑𝑤22 are the pitch
diameters of the second step which can be expressed as [27]:

In which, 𝑚𝑏𝑔1 𝑎𝑛𝑑 𝑚𝑏𝑔2 are representative for the mass of

2
𝑚ℎ𝑔1 = 𝜌𝑔 ∙ 𝜋 ∙ 𝑒1∙ 𝑑𝑤12
∙ 𝑏𝑤 /4

[27]; 𝜂ℎ𝑔 is the

𝑇12 = 𝑇𝑜𝑢𝑡 /(𝑢2 ∙ ℎ𝑔 ∙ 2𝑏𝑒 )

(4)

(15)

and 𝜂ℎ𝑔 = 0.97, 𝜂𝑏𝑒 = 0.992 as mentioned above, Eq. (15)
can be expressed as:

(5)
(6)

𝑇12 = 1.0476 ∙ 𝑇𝑜𝑢𝑡 /𝑢2

In Eqs (3) and (4), 𝜌𝑔 is the weight density of gear material

(16)

In Eq. (14), 𝑘𝐻𝛽 is the contacting load ratio for pitting

(kg/m3); with gear made by steel material, 𝜌𝑔 = 7.82 [26];

resistance; for the helical gear set 𝑘𝐻𝛽 = 1.01 ÷ 1.16 [27]. It

𝑏 is the gear width of the bevel gear set (mm); 𝑏 = 𝑘𝑏𝑒 ∙ 𝑅𝑒
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2
𝑚𝑠3 = 𝜌𝑠 ∙ 𝜋 ∙ 𝑑𝑠3
∙ 𝑙𝑠3 /4

can be chosen 𝑘𝐻𝛽 = 1.08; [𝜎𝐻2 ] is the allowable contact
stress of the first stage (MPa); 𝑘𝑎 is the material coefficient;
as the gear material is steel, 𝑘𝑎 = 43 [27]; 𝑋𝑏𝑎 is the coefficient
of wheel face width of the helical gear set.

(29)

In Eqs. (27), (28), and (29) 𝜌𝑠 is the weight density of shaft
material (kg/m3); 𝑙𝑠1 , 𝑙𝑠2 and 𝑙𝑠3 are the length of shaft 1, 2
and 3 of the gearbox. They can be written as (see Figure 1)

2.2. Determination of gearbox housing mass

𝑙𝑠1 = 1.3 ∙ 𝑙0 + 1.2 ∙ 𝑑𝑠1

(30)

Using a similar procedure as shown in Sec. 2.1, the gearbox
housing mass can be computed as

𝑙𝑠2 = 𝐵

(31)

𝑙𝑠3 = 𝐵 + 1.2 ∙ 𝑑𝑠3

(32)

𝑚𝑔ℎ = 𝜌𝑔ℎ ∙ 𝑉𝑔ℎ

(17)

In Eqs. (30), (31), and (32), preliminary diameters of the first,
second and third shafts i.e., 𝑑𝑠1 , 𝑑𝑠2 , and 𝑑𝑠3 are described as
[27]:

In Eq. (17), 𝜌𝑔ℎ is the weight density of gearbox housing
material, 𝜌𝑔ℎ = 7,2 (kg/m3) with the cast iron material [26];
𝑉𝑔ℎ is the volume of the gearbox housing (m3). For
determination of 𝑉𝑔ℎ , the volume gearbox housing can be
separated into three parts i.e., 𝑉𝐴1 is the volume of font and
back sides of the gearbox; 𝑉A2 is the volume of the left and
right sides, and 𝑉𝑏 is the volume of the top and bottom sides.
Thus, 𝑉𝑔ℎ can be written as
𝑉𝑔ℎ = 2 ∙ 𝑉𝑏 + 2 ∙ 𝑉𝐴1 + 2 ∙ 𝑉𝐴2

𝑑𝑠1 = [𝑇11 /(0.2 ∙ [𝜏])]1/3

(33)

𝑑𝑠2 = [𝑇12 /(0.2 ∙ [𝜏])]1/3

(34)

𝑑𝑠3 = [𝑇13 /(0.2 ∙ [𝜏])]1/3

(35)

In which, [𝜏] is the allowable shear stress (MPa); [𝜏] = 15 ÷
20 (MPa) [27] and we can choose [𝜏] = 17 (Mpa).

(18)
2.4. Objective function

In which 𝑉𝑏 , 𝑉𝐴1 and 𝑉𝐴2 can be expressed as

The objective function as shown in Eq. (1) must be minimized

𝑉𝑏 = 𝐿 ∙ 𝐵 ∙ 𝑆𝐺

(19)

𝑉𝐴1 = 𝐿 ∙ 𝐻 ∙ 𝑆𝐺

(20)

𝑉𝐴2 = 𝐵1 ∙ 𝐻 ∙ 𝑆𝐺 = (𝐵 − 2 ∙ 𝑆𝐺 ) ∙ 𝐻 ∙ 𝑆𝐺

(21)

Minimize 𝑚𝑔𝑏

(36)

From the above procedure, all calculation parameters of the
gearbox mass depend on the transmission ratios of the two
stages in the gearbox, i.e., 𝑢1 𝑎𝑛𝑑 𝑢2 . Thus, the objective
function in Eq. (1) can be expressed as

In Eqs. (19), (20), and (21), L, H, 𝐵1 and 𝑆𝐺 can be
determined by:

𝑚𝑔𝑏 = 𝑚𝑔𝑏 (𝑢1 , 𝑢2 )

𝐿 = (2 ∙ 𝑙0 /3 + 𝑑𝑒21 /2 + 𝑑𝑤12 /2 + 𝑑𝑤22 + 2.5)/0.975 [28]
(22)

(37)

Subject to the following constraints:

𝐻 = max(𝑑𝑒21 ; 𝑑𝑤22 ) + 6.5 ∙ 𝑆𝐺

(23)

1 ≤ 𝑢1 ≤ 9

𝐵 = 𝑏 ∙ 𝑐𝑜𝑠𝛿2 + 𝑏𝑤 + 4 ∙ 𝑆𝐺

(24)

1 ≤ 𝑢2 ≤ 9

𝑆𝐺 = 0.005 ∙ 𝐿 + 4.5 [28]

(25)

(38)

In here, 𝑙0 = 3 ∙ 𝑑𝑠1 [27] with 𝑑𝑠1 is the diameter of the first
shaft which will be determined in the next section; 𝛿2 is the
gear pitch cone angle and 𝑡𝑎𝑛𝛿2 = 𝑢1 .

As known that the total ratio of the gearbox, 𝑢𝑔 as shown in
Eqs. (8) and (11)Error! Reference source not found. has the
relation with the transmission ratio of the two stages, i.e.,
𝑢𝑔 = 𝑢1∙ 𝑢2 . In general, 𝑢𝑔 should be used in an interval.

2.3. Shaft mass calculation

Therefore, the objective function in Eq. (37) can be rewritten
as
Minimize 𝑚𝑔𝑏 = 𝑚𝑔𝑏 (𝑢1 )

As shown in Figure 1, the mass of all shafts can be expressed
as
𝑚𝑠 = 𝑚𝑠1 + 𝑚𝑠2 + 𝑚𝑠3

3. EXPERIMENTAL DESIGN

(26)

The optimum transmission ratio of the first stage 𝑢1 is
obtained by solving Eq. (39) with a computation program.
From the relation between the total ratio of the gearbox and
gear ratios, the transmission ratio of the second stage is simply
determined, i.e., 𝑢2 = 𝑢𝑔 / 𝑢1 . Furthermore, a screening

In which, 𝑚𝑠1 , 𝑚𝑠2 and 𝑚𝑠3 are respectively the mass of shaft
1, 2 and 3 of the gearbox (kg). They can be computed as
2
𝑚𝑠1 = 𝜌𝑠 ∙ 𝜋 ∙ 𝑑𝑠1
∙ 𝑙𝑠1 /4

(27)

2
𝑚𝑠2 = 𝜌𝑠 ∙ 𝜋 ∙ 𝑑𝑠2
∙ 𝑙𝑠2 /4

(28)

(39)
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taken to design the screening experiment. The value ranges of
the input parameters are shown in Table 1. Using 2-level
factorial in Minitab with the six parameters, the number of
experiments is 26 i.e., 64 test runs. The experimental design of
the input parameters and the output response values are
presented in Table 2.

experiment using Minitab 19 was established to depict the
effects of input parameters on the optimum transmission ratio
𝑢1 . As presented in Sec. 2, the input parameters such as the
total gearbox ratio 𝑢𝑔 , the coefficient of the face width of the

bevel gear set 𝐾𝑏𝑒 , the coefficient of wheel face width of the
second stage 𝑋𝑏𝑎 , the allowable contact stress of the first and
second stages 𝐴𝑆1 𝑎𝑛𝑑 𝐴𝑆2 , and the output torque 𝑇𝑜𝑢𝑡 were
Table 1. Input parameters and their level
Factor

Code

Unital

Low

High

Total gearbox ratio

𝑢𝑔

-

7

25

Coefficient of the face width of bevel gear set

𝐾𝑏𝑒

-

0.25

0.3

Coefficient of wheel face width of the second stage

𝑋𝑏𝑎

-

0.3

0.4

Allowable contact stress of the first stage

𝐴𝑆1

MPa

360

420

Allowable contact stress of the second stage

𝐴𝑆2

MPa

360

420

Output torque

𝑇𝑜𝑢𝑡

Nm

1000

10000

Table 2. Experimental design of input parameters and output response
StdOrder

RunOrder

CenterPt

Blocks

ug

Kbe

Xba

AS1

AS2

Tout

u1

64

1

1

1

25

0.3

0.4

420

420

10000

5.27

16

2

1

1

25

0.3

0.4

420

360

1000

5.74

52

3

1

1

25

0.3

0.3

360

420

10000

5.03

34

4

1

1

25

0.25

0.3

360

360

10000

5.61

4

5

1

1

25

0.3

0.3

360

360

1000

5.51

44

6

1

1

25

0.3

0.3

420

360

10000

5.7

62

63

1

1

25

0.25

0.4

420

420

10000

5.46

35

64

1

1

7

0.3

0.3

360

360

10000

1.83

…

input parameters; thus, 𝑢𝑔 brings the strongest influence on
the optimum transmission. The other input parameters have
less effects on the output respond compared to the total
gearbox ratio.

4. RESULTS AND DISCUSSIONS
This section presents the results obtained from the screening
experiment above. The results are exhibited as the following.
4.1. The influence of input parameters on the optimum
transmission ratio
Figure 2 shows the effect of each factor on the optimum
transmission ratio of the first stage u1 . It is clearly seen that
the relation between the optimal transmission ratio and each
factor is described by the straight lines. As observed in Figure
2, the straight line of 𝑢𝑔 has the largest slope angle among the

Figure 2. Effects of the factors on the output respond u1
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values; therefore, influences of these parameters and
interactions are arranged from smallest to largest effects on
the optimum transmission ratio 𝑢1 . From the observation in
this figure, the total gearbox ratio 𝑢𝑔 (factor A) has the most
important effect on the output response because of its largest
magnitude among the factors and interactions.

In order to evaluate the trend of the effects of the input
parameters on the output response, the normal plot of the
standardized effects presents the distribution of the input
parameters and their interactions as shown in Figure 3. It is
observed from Figure 3 that positive effects of the factors and
interactions (see the squares in the right side of the reference
line) increase the optimum transmission ratio u1 when the
settings change from the low value of the factors and
interactions to the high value. Otherwise, negative effects
located on the left side of the reference line decrease the
optimal transmission ratio u1 when they change from the low
value to the high value. The effects further from the reference
line are more statistically significant e.g., the total gearbox
ratio ug (factor A).

Besides the influences of the single input factors on the output
response, Figure 5 depicts the influences of the interactions of
the factors on the optimal transmission ratio. As seen that the
interactions including AB (ug*Kbe), AC (ug*Xba), AD
(ug*AS1), AE (ug*AS2), AF (ug*Tout) have significant effects
on 𝑢1 .

Figure 3. The trend of the effects of factors on the output
respond u1

Figure 5. Effects of interactions on the output response u1
4.2. Regression and variance analysis
After neglecting the insignificant effects on u1 , the
estimated effects and coefficients for the optimum
transmission ratio are presented in Table 3. As seen that the
input parameters and the interactions have the p-values that
are smaller than the significant level ( = 0.05). Thus, they
absolutely have the significant effects on the output response.
In addition, the influences of factors and interactions are
measured on the second column. The coefficients of those
parameters are also shown in the third column. Therefore, the
mathematical model can be built by using the analysis
regression technique in order to compute the transmission
ratio of the gearbox. This model depending on the six input
parameters and their interactions can be expressed as

Figure 4. The magnitude of the effects of the factors on the
output response 𝑢1
Figure 4 presents the Pareto chart of the standardized effects
with statistical significance at the 0.5 level. In this figure, the
influences of the input parameters on the output response are
more clearly evaluated by the magnitude of these parameters.
As seen in Figure 4, the absolute values of the factors and the
interactions are distributed from the lowest to the highest

u1 = 0.780 + 0.26884 ug - 0.361 Kbe - 0.086 Xba 0.000247 AS1 - 0.000270 AS2 - 0.000002 Tout
- 0.1306 ug*Kbe - 0.01806 ug*Xba
+ 0.000205 ug*AS1 - 0.000265 ug*AS2 0.00000001 ug*Tout
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Table 4. Variance analysis

To evaluate the reasonability of the mathematic modal as
shown in Eq. (40), the correlation coefficient reaches 99,99%
(see Table 3). Due to this the proposed model in Eq. (40) is a
good fit to the experimental data. From the model, this can be
simple to compute the optimal transmission ratios.
Table 3. Estimated effects and coefficients for u1

The regression model in Eq. (40) was also examined by the
normal probability and versus order plots as shown in Figure
6. As seen the normal probability plot (Figure 6.a), the
residuals are closely distributed to the standard line (straight
line). Additionally, the residuals in the versus order randomly
arrange both above and under the standard line (the horizontal
axis) (Figure 6.b). Due to these results, the mathematic model
is highly reliable to calculate the optimal transmission ratio of
the gearbox.

Variance analysis was used for more clearly evaluating the
significant influences of the input parameters and their
interactions on the response. It is observed from the table that
all factors and their interactions have important influences on
the optimum transmission ratio because their p-values are
smaller than the statistically significant value (i.e.,  = 0.05).
Furthermore, the correlation coefficients are approximate
100% (see Table 4). Therefore, the variance analysis results
are consistent with the regression analysis as shown
in Table 3.

a)

b)

Figure 6. Normal Probability Plot and Versus order plot for the response of 𝑢1
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5. CONCLUSIONS
In this paper, the mass analysis of a two-stage bevel helical
gearbox was proposed in order to determine the optimum
transmission ratios based on minimizing the mass function.
From the mass analysis, the six input parameters including the
total gearbox ratio, the coefficient of the face width of the
bevel gear set, the coefficient of wheel face width of the
second stage, the allowable contact stress of the first and
second stages, and the output torque were investigated. By
using Minitab 19 for the experimental design, the influences
of the input parameters on the optimum transmission ratio
were examined. The results of this study are drawn as the
following
-

The total gearbox ratio brings the strongest influence
on the optimal transmission ratio of the first stage
compared to the other input parameters.

-

The positive effects of the total gearbox ratio 𝑢𝑔 and
the allowable contact stress of the first stage 𝐴𝑆1
increase the optimum transmission ratio. Whereas the
other parameters i.e., the coefficient of the face width
of bevel gear set 𝐾𝑏𝑒 , the coefficient of wheel face
width of the second stage 𝑋𝑏𝑎 , the allowable contact
stress of the second stage 𝐴𝑆2 , and the output torque
𝑇𝑜𝑢𝑡 have the negative effects to make the decrease
of the output response.

-

The regression model was carefully evaluated by the
correlation coefficients, the p-values, and the normal
probability and versus order plots. Therefore, the
model can be used to simply compute the optimal
transmission ration of the first stage.
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