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Abstract 

 

In this paper we study a nonlocal diffusion problem which can model many 

problems in population dynamics and ecoforestry. To keep our model more 

relevant for applications, we give L∞ estimates of solution from Lq estimates 

based on Moser’s iterations. 

 

 

1 INTRODUCTION 

During the last decades (see [1],[7],[8],[13],[14],[15] and [17]), study of nonlocal 

problems has attracted the attention of many mathematicians due to the numerous 

applications in population dynamics, biology, physics and chemistry. 

 

In this paper, we study the following nonlocal nonlinear diffusion equation 

 

              ,                             (1.1) 

 

Ω is a bounded and smooth domain of Rn, n = 2 or 3 and µ is a positive constant. In the 

above problem a  is a continuous function for which there exists two positive constants 

m and M such that                                                         .                           

                                                                                        (1.2) 
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The nonlocal functional lr (.)(x)  : L2(Ω) → R, is defined by 

 

                              u → lr(u(t))(x) = ∫ 𝑢(𝑡, 𝑦)𝑑𝑦.
Ω∩𝐵(𝑥,𝑟)

                                  (1.3)  

 

Here we define B(x,r) as the closed ball of Rn with radius r. It is also possible to consider 

many variants of lr. 

For example in [12] and [10],  ld =∫ |∇𝑢(𝑡, 𝑥)|2𝑑𝑥 
Ω    (with r = d, d represents the 

diameter of Ω) is a linear form which represents an elastic energy. We refer the reader 

to [3], [6], [10], [11], [13], [14] and [15] for more variants of lr. 

 

More care is necessary when considering nonlocal problems. In fact, some well-known 

properties such as maximum principle, regularity and properties of Lyapunov (see [9], 

[10]) and the characterization of the stationary solutions associated (see [3] , [4], [6]) 

may be true for some problems and fail for others, which makes study of the asymptotic 

behavior of these solutions very difficult. 

 

In [5], we highlight the crucial role played by the parameter r in order to determine the 

asymptotic behavior of solutions of a variant of (1.1). 

 

From a physical point of view as described in [5] (case n = 1), this equation modelizes 

the dynamic of population of trees structured on the size. In this case u (t, x) represents 

the density of trees which diameter is x at time t and u (t, x) dx is the number of trees of 

the population which the diameter is included within] [ at time t. 

The term    ∫ 𝑢(𝑡, 𝑦)𝑑𝑦
Ω∩𝐵(𝑥,𝑟)

  represents the density of trees and also the 

competition between them, i.e only trees with a diameter between x − r and x + r 

influence the growth of the control tree. To preserve the accuracy of our problem, it is 

necessary to consider that x < M where M is a positive constant, which means that the 

diameter of trees will never reach an infinite value, and it’s also important to get the 

smoothness of the solution. 

 

In general (n = 2 or 3) the equation can describe the evolution of a population of 

bacterias whose the diffusion depends on the nonlocal quantity  ∫ 𝑢(𝑡, 𝑦)𝑑𝑦
Ω∩𝐵(𝑥,𝑟)

 

(see [2] and references therein, for more details of modeling and smoothness). 
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As mentioned previously, the smoothness of the solution plays a deep role in the 

relevance and accuracy of the model. In this paper, we will concentrate our efforts to 

obtain L∞ estimates of the solution (1.1) from its Lq estimates. The method that we will 

use is derived from the Moser’s iterations type. We refer the reader to [1], [16] and [17] 

for more details. 

 

Throughout this paper, the same letters C and C1 denote constants which may change 

from line to line. 

 

 

2 L∞ ESTIMATE 

The main result in this section is the following 

Theorem 2.1. Let n = 3 and u a classical solution of (1.1) defined in [0, T) with u0 ≥ 0. 

We consider for all q > 1, Uq = supt≤T‖𝑢(𝑡)‖q  < ∞ then U∞ < ∞. 

 

Remark 2.2. The choice u0 ≥ 0 implies that a classical solution of (1.1) is nonnegative, 

that avoid general possibly sign changing solutions and keep our application in the 

scope. 

We also get 

 

Theorem 2.3. Let n = 3 and u a classical solution of (1.1) on [0, T) with u0 ≥ 0. Given 

r be a integer such that r > 1 and 𝑞 >
3𝑟

2𝑟−3
  such that  𝑈𝑟 ̃  = max {1, ‖𝑢0‖∞ , Ur = 

supt≤T‖𝑢(𝑡)‖r} and . Then there exists a constant C = C (Ω, m) such 

that 

                

Proof. Multiplying (1.1) by u2r−1 

   (2.1) 

 

and using the Hölder inequality, we have                            
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Hence 
 

where ‖. ‖p  denotes the usual Lp norm and more generally, we denote by ‖. ‖X  the norm 

in the Banach space X. As 

                                                
                             (2.4) 

by taking w =𝑢𝑟  in (2.3) and (2.4), we get 

, (2.5) 

 

With   .  Let us now consider β such that 

                                                                                            (2.6) 

We can deduce by small calculations 

. 

Since 𝑞 >
3𝑟

2𝑟−3
    this implies 𝑞 >

6𝑟

4𝑟−2
   , we have 6r (q − 1) − (2r + 1) q > 0. Hence β 

> 0. 

We also get by 

4rq − 6r − q < 5q (2r + 1)   i.e. (2.7) 

6r (q − 1) − (2r + 1) q < 5q (2r + 1), (2.8) 

that β < 1. This allows us to prove that β ∈ (0, 1). 

Using an interpolation inequality (see [11], [16]) with (2.6) in (2.5), we get 

   (2.9) 

Applying Sobolev injections in (2.9), we have 
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and also 

                    (2.11) 

. 

We claim that α (1 − β) ∈ (0, 1). In fact 

. 

 

Since α > 0 and (1 − β) > 0 then α (1 − β) > 0. In addition, from 𝑞 >
3𝑟

2𝑟−3     
   we get 

easily α (1−β) < 1. This proves that α (1−β) ∈ (0, 1). Applying Young’s inequality to 

(2.11) with α (1 − β) + 1 − α (1 − β) = 1. We obtain 

 

              (2.12) 

with δ = 1 − α (1 − β). 

 

Joining the fact that α (1 − β) ∈ (0, 1) and δ < 1 to (2.12), we deduce 

     .                              

(2.13) 

 

We set 

    and   ,  

(2.13) becomes 

     .                       (2.14) 

This gives us taking into account that   

     .                                  (2.15) 

By a calculation we can verify that ρ(r) ∈ (0, 1). 

Using the Poincaré Sobolev inequality and that ρ(r) < 1 in (2.15), yields 

               .                       (2.16) 
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Noticing that 

                                           (2.17) 

Since 

,                                  (2.18) 

we obtain after (2.17) on [0, t) 

.                                                    (2.19) 

. 

This completes the proof of Theorem.   

We have also 

 

Lemma 2.4. Let r> 1, n= 3, 𝑞 >
3𝑟

2𝑟−3
  𝑎𝑛𝑑  𝜎(𝑟) =

𝑐1

𝑐2𝑟−𝑐3
  with c1 = 5q,  c2 =2(2q − 3) 

  and c3 = 6q. Then we get 

. 

Proof. The proof of this lemma is deduced by induction reasoning.   

We now turn to the proof of Theorem2.1. 

Proof. From Theorem 2.3 we get 

. 

By iterating this equation by taking r = h, r = 2h, r = 22h, etc, we obtain 

 

 

with λ1:= σ (h) + σ(2h) + σ(22h) + .. + σ  (2k−1h) + σ(2kr) 

 

Whereas 
1

𝛿
> 1, 2rσ(r) > 0 and   σ(r) =

1

2𝑟𝛿
     it follows  

  

with 

     (2.20) 
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and λ2  := σ(2h) + 2σ(22h) + 3σ(23h) + ... + (k − 1)σ(2k−1h) + kσ(2kr). 

To complete the proof we just need to show that λ1, λ2 < +∞. Indeed by lemma 2.4 

. 

 

Noting also that 

, 

 

it follows 

. 

This completes the proof of the theorem.   

 

Remark 2.5. It is also possible to treat in a similar way the case n = 2 by choosing 

again β such that   
1

2𝛼𝑝
= 𝛽 +

1−𝛽

6
     .                                                          

 

Remark 2.6. Similarly results can be obtained for the problem studied in [5]. 
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